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INTRODUCTION

One of the main pillar in the study of fixed point theory is Banach Contraction priciple which was done by Banach in 1922. Fixed
point theory is very usefull in various branches of mathematics and science. In 2011 Akbar Azam et al, 2011 introduced the
concept of complex valued metric space. The concept of coupled fixed point was first introduced by Bhaskar and Laxikantham in
2006. Recently some researchers prove some coupled fixed point theorems in complex valued metric space in (Kang et al., 2013;
Savitri, 2015). The main purpous of this paper is to obtain a common coupled fixed point result in complex valued metric space.

Let C be the set of all complex numbers and z;, z, € C . Define a partial order relation < on C as follows:
z, S z, ifand only if Re(z,) < Re(z,) and Im(z;) < Im(z;).
Thus z; < z, if one of the followings holds:

Re(z,) = Re(z,) and Im(z,) = Im(z,),
Re(z;) < Re(z,) and Im(z;) = Im(z,),
Re(z,) = Re(z,) and Im(z,) < Im(z,) and
Re(z;) < Re(z,) and Im(z;) < Im(z,)

We write z; X z, ifz; < z, and z; # z, i.e., one of (2), (3) and (4) is satisfied and we will write z; < z, if only (4) is satisfied.

Remark 1: We can easily check the followings:

. abeRa<b=az3bz VzeC.
. 0= 2 %2, =2 |z4| <zl
. zy S zyand 7, < z3 = 7, < Z3.
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Azam et al., 2011 defined the complex valued metric space in the following way:

Definition 1 ([1]): Let X be a nonempty set. Suppose that the mapping d : X X X — C satisfies the following conditions:

e (C1) 0=d(x,y), forall x,y € Xandd(x,y) = 0ifand only if x = y;
e (C2) d(x,y)=d(y,x)forall x,y €X;
e (C3) d(x,y)3d(x,z)+d(z,y) forall x,y,z € X.

Then d is called a complex valued metric on X and (X, d) is called a complex valued metric space.

Example 1.1: Let = R . Define the mapping d : X X X - C by

d(x,y) =logz|x—y|, Vx,y ER,

Where z is a fixed complex number, such that 0 < arg(z) < g and |z| > 1 [Here logarithm takes only the principle value].

Then clearly we can show that (X, d) is a complex valued metric space.
Definition 2 ([1]): Let (X, d) be a complex valued metric space. Then

(1)A point x € X is called an interior point of a set A € X if there exists 0 < v € C such that
B(x,r) ={y € X:d(x,y) <r} C A.

A subset A € X is called open if each element of A is an interior point of A.

(i)A point x € X is called a limit point of A € X if for every 0 < r € C,
B(x,7)N(A —{x}) # ¢.

A subset A € X is called closed if each element of X — A is not a limit point of A.

(iii)The family
F={B(xr):xeX0<r}

is a sub-basis for a Hausdorff topology t on X.

Definition 3 ([1]): Let (X, d) be a complex valued metric space. Then

(1)A sequence {x,} in X is said to converge to x € X if for every 0 < r € C there exists N € N such that d(x,,,x) <7, V n> N.
We denote this by limx,, = x or x, - xas n — oo,
n—-oo

(i)If for every 0 < r € C there exists N € N such that d(x,, , x,4,n) <71 for all n > N,m € N, then {x,} is called a Cauchy
sequence in (X, d).
(iii)If every Cauchy sequence in X is convergent in X then (X, d) is called a complete complex valued metric space.

Definition 4[2]: Let (X, d) be a metric space. An element (x,y) € X X X 1is called a coupled fixed point of the mapping T: X X
X ->X if
x=T(x,y) and y = T(y,x).

Definition 5[4]: Let (X, d) be a complex valued metric space. An element (x,y) € X X X is called a coupled fixed point of the
mapping T: X X X = X if

x=T(x,y) and y = T(y,x).

Example 4.1: Let X = R with complex valued metric d defined as, d(x,y) = i|lx — y|. Let T: X X X - X defined as T(x,y) =
x2y3. Then (0,0) and (1,1) are two coupled fixed points of T.

Lemma 1 ([1]): Let (X, d) be a complex valued metric space and {x,} be a sequence in X. Then {x,} converges to x € X if and
only if [d(x,, x)| = 0 as n — oo,

Lemma 2 ([1]): Let (X, d) be a complex valued metric space and {x,,} be a sequence in X. Then {x,,} is a Cauchy sequence if and
only if |d (%, Xp+m)| = 0 asn — o where m € N.

Lemma 3([3]): Let (X,d) be a complex valued metric space and {x,,} be a sequence in X such that limx, = x. Then for any
n—oo
a € X, limd(x,,a) = d(x,a).
n—-owo
MAIN RESULT

In this section we present the main result.

Theorem: Let (X, d) be a complex valued metric space. Let S, T: X X X — X, such that
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d(eu)+d(y,v) " bd(x,5(x,y))d(wT @wv))+ed(w,S(x,y))d(x,Twv))
2 1+d(xw)+d(y,v)

d(S(x,y),T(u,v))Sa VxyuveX,

Where a, b, c are non-negative reals satisfying a + b < 1 and a + ¢ < 1. Then the mappings S and T have a unique common
coupled fixed point in X X X.

Proof: Let x,,y, € X . Let us define two sequences {x,}and {y,}in X as follows.

Xok+1 = Sk Yar)r Xokvz = T (Xok41) Yok+1) and
Vor+1 = SWakr X21)y Yaksrz = T Va1 X2r4+1)

Now,
d (k1 Xa42) = A(S Xap, Var ) T (Xok 415 Vak+1))

<a d(Ocops Xo2k41) + AV Yar+1) +

~

2
bd(x2k: S(x2ks YZk))d(x2k+1' T (X2p41, }’2k+1)) + Cd(x2k+1' S(xak, }’Zk))d(ka' T (X241 Yak+1))
1+ d(xak, X2k41) + AV2ks Yar41)

a d (X250 X2k41) + AWk Yar+1) + bd (Xx, X2k+1) A (Xape4 1) X2k42) + €A (Xapr1, Xope+1) A (ks X2k42)
2 1+ d(xak, X2k41) + AW2ks Y2r+1)

S g2 2 20 T2+ bd (Xapers Xaraz)
Thus,

ald(xzp, X2141) + AVakr Vare+1)]
2(1-0b)

(1)

d(Xok41, X2k42) 3

Similarly, we can show that,

ald(Xax, X241) + AWaks Yar+1)]
2(1-b)

d(Vok+1: Yar+2) 3 - (@)

Adding (1) and (2) we get,

d(Xak+1 X2k42) + AVakr1) Yarz) 3 a[d(ka’kazll)jbi(ka’YZkH)]

Now, let h=ﬁ. Then 0<h<1as 0<a+b<1.

Then,
d(or1 Xais2) + AdV2kr1s Yairz) 3 hIA(ap, Xap11) + A2k Va1
Similarly,

d(X2r+2, X2k +3) = A(S(Xaps2, Var+2)) T (Xaks1) Var+1))

d(Xokr2) Xok41) T AVaks2: Yars1)
<a +

~

2
bd(x2k+2'S(x2k+2'y2k+2))d(x2k+1'T(x2k+1'3/2k+1)) + Cd(x2k+1'S(x2k+2'3/2k+2))d(x2k+2'T(x2k+1'3/2k+1))
1+ d(kr2 X2k41) + AVak2) Yoks1)

. d(Xok+2, X2k+1) + AVark+2, Yak+1) N bd (X242, X2k+3)A(X2k 415 X210 42) + €A (X241, X2k43)A(X2k 425 X2k 42)
2 14+ d(g42 X2k41) + AV2k420 Vak+1)

<a d(okr2 Xak+1) T AVaka2s Yor+1)
~ 2

+ bd(X2k42) X2143)

Thus,

ald(xzx12, X2k41) + AVakr2) Yar+1)]
2(1-b)

-3

d(Xpp42) X243) 3
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Similarly, we can show that,

ald(xzk+2, X2k4+1) + AVakr2) Ya+1)]
2(1=b)

d(Vaks2) Vak+3) 3
Adding (3) and (4) we get,

ald(xz12, X2k4+1) + AVaks2) Yar+1)]
1-b)

d(Xok+20 X2k+3) T AVaks2) Yok+3) S

Thus,

d(Xop+2: X2143) + AVar2: Yar+3) S hlAdops2, Xok41) + AV2kr20 Yors1)]

Now, for n € N, we have,

d(xn+2:xn+1) + d(yn+2' yn+1) s h[d(xn+1'xn) + d(.Vn+1: Yn)]

= hz [d(xn' xn—l) + d(Yn' Yn—l)]
< - wew wwn

S A" Hd (g, X%0) + d (¥4, ¥0)]
Thus, for m > n,

d(xmﬁxn) + d(Ym' yn) =< [d(xn'xn+1) + d(Yn' yn+1)] + [d(xn+1' xm) + d()’n+1' Ym)]

S [d (s Xp11) + AW Yne)] + [dnir, Xnv2) + dVngr, Va2 +
[d(xn+2'xm) + d(yn+2' :Vm)]

2N

[d(xnrxn+1) + d(.Vnt yn+1)] + [d(xn+1' xn+2) + d(.Vn+1t yn+2)] T
+[d(xm—1ﬂxm) + d(ym—lt Ym)]

5 [hn + hn+1 + R T TI TR PP + hm_l][d(xl, xo) + d(yl' yO)]

= 1h__h [d(x1,x0) + d(¥1,¥0)]

— 0 as n — .
Thus, d(xpy,, x,) — 0 and d(Yp, y) — 0 as m,n — .

Therefore {x,},{y,} are Cauchy sequencesin X.
Since X is complete, then there exist x,y € X, suchthat x,, = x and y, >y as n = .

Now,
d(S(x, }’)' x) 5 d(S(x, }’),x2k+2) + d(x2k+2lx)
= d(S(x, y)'T(x2k+1'YZk+1)) + d(xzp42, %)

< ad(X.X2k+1)+d(y,}’2k+1)+bd(x.s(x.y))d(x2k+1,T(x2k+1'3’2k+1))+Cd(x2k+1.5(x.y))d(X,T(szﬂ.ZVzkﬂ)) +d(x X)
~ 2 1+d(x,x2p4+1)+d (V. V2k+1) 2k+2)

—q d(x,x2k41)+dV,Y2k41) + bd(x,S(x,y))d(Xzk41.X2k+2)+Cd(X2k41,5(x,y))d (X, X2k 42)
2 1+d(xX,x2k+1)+d V.Y 2k+1)

+ d (X242, %)
Letting k — o, we get,

d(S(x,y),x) 0.

Thus d(S(x,v),x) = 0 and hence S(x,y) = x.

Similarly, we can show that, S(y,x) = y.

Again,
d(x,T(x,y)) = d(S(x,¥),T(x,))

(@)
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<a dx,x) +d,y) 4 bd(x,S(x, y))d(x, T(x, y)) + cd(x,S(x, y))d(x, T(x, y))
- 2 1+d(x,x)+dy,y)

= bd(x,x)d(x,T(x, y)) + cd(x, x)d(x,T(x,y))

=0

Thus d(x,T(x, y)) < 0. Therefore d(x,T(x, y)) =0 and hence T(x,y) = x.
Similarly, we can show that, T(y,x) = y.

Thus (x,y) is a common coupled fixed point of S and T.

Now we show that (x,y) is the unique common coupled fixed point of S and T.
If possible, let (x*,y*) be another common coupled fixed point of S and T.
Then,

Sx*y) =T"y") =x" and Sy x") =T(y",x") = y".

Now,

d(x,x*) = d(S(x,y),T(x*,y*))

<a d(xx*)+d(y,y*) " bd(x,SCc,y))d(x*,T(x*y*))+cd(x*,5(,y))d (x,T(x*y*))
~ 2 1+d(x,x*)+d(y,y*)

a d(x,x*)+d(y,y*) . bd(x,x)d(x*x*)+cd(x*x)d(x,x*)

=<
2 1+d(x,x*)+d(y,y*)

3 2[dCex") +d,y)] + cd(x,x") RN ¢-))
Similarly, we can show that,

d(y,y") = g[d(x,x*) +d,y)] +cd(y,y) RN ()|
Adding (5) and (6) , we get,
d(e,x) +dy,y") 3 (a+)ldx,x) +dy,y)]
Thus, (1 —a—c)[d(x,x*) +d(y,y?)] 30

Since 0 <a+c¢ <1,then [d(x,x*)+d(y,y)] =0.
Thus, d(x,x*) =0 =d(y,y").

Hence x =x*and y =y*. ie. (x,y)="y").

Thus (x,y) is the unique common fixed point of S and T.
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