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INTRODUCTION

The preliminaries of the ideal theory and Green's relations are very important in basic concepts relating to inverse semigroups.
Much of the well known materials are used directly by characterizing fuzzy property.

Definition 1.1. Regular elements of a semigroup

An element 'a' in a semigroup S is called regular, if there exists an element x in S such that @ x a = a (Clifford and Preston, 1967).
Definition 1.2 Regular semigroup

A semigroup is called a regular semigroup if all its elements are regular (Clifford and Preston, 1961).

Definition 1.3. Inverse of an element in a semigroup

An element ¢’ in S is an inverse of a in S'if aa’a = a and a' aa’ = a'. The set of inverse elements of an element a € S is denoted by
V((J)'

Definition 1.4. Inverse semigroup
A semigroup S is called an inverse semigroup if every element a in S posses a unique inverse. A semigroup S has at most one

identity element. If S has no identity element we can adjoin an extra identity denoted by say 1 on the set S. Then forall x € S. 1 =
1.x=x; 1.1 = 1. Such a semigroup obtained from S by adjoining an identity if necessary is denoted by S'.
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That is S'= Idempotent in a semigroup - An element 'e' in a semigroup is said to be an idempotent if e.e = e.
Definition 1.5 Regular band

A semigroup B is said to a band if all its elements are idempotents. If xyx = xV'x, ye B, then B is called a regular band. This
introduces fuzzy congruence (Kim and Bae, 1997; Kuroki, 1997) Green's £and fR relations (Green, 1951; Hariprakash, 2016)
to describe fuzzy .e—class containing 'a' denoted by Ba and fuzzy j{ -class containing 'a' denoted byfR a. (Hariprakas, 2016).
In particular éa (x) = ,é(a, X); féa(x) = fR (a, x) forallx € S.

.éa:{(a,x)eSxS: .é(a,x)>0}
Ra={ax)eSxS: R(a x)>0}

Moreover in the cited paper (Hariprakas, 2016), defined fuzzy equivalence classes S/ L , S/ R, 5D, s F by characterizing
(fuzzify) simple semigroup, using fuzzy property.

Definition 1.6. L-fuzzy self simple and L - fuzzy simple semigroups

Let L isa fuzzy congruence L Green’s relation on a semigroup S. Lis said to be L- fuzzy self simple if for any a € S, L,(a)
=1 and L-fuzzy simple if for any a € S.

.ea(x) =1.Vx e S If L,(x) =1 = x=a. where .ea(x) = Ifor some and not for all x € S, then S is L- fuzzy antisimple.
Definition 1.7. R -fuzzy self simple and R -fuzzy simple semigroups.

A semigroup S is R -fuzzy self simple if R @) =1V a € S and R -fuzzy simple if R ,(x) =1 VaeS, where Ris a fuzzy
congruence KR -Green relation on S.

If R «(x) =1 = x = a where R «(x) =1 for some and not for all x € Sthen S is fuzzy antisimple.
2. Fuzzy Generalized Inverse Semigroups

In the field of research, the study of regular semigroup becomes very important and offers valuable results by applying fuzzy
property on these concepts. An important class of regular semigroups constitutes orthodox semigroups, and a special class of
orthodox semigroups is called generalized inverse semigroups. [10]. In this section we find out fuzzy generalized inverse
semigroups.

Definition. 2.1 (Fuzzy generalized inverse semigroup) A generalized inverse semigroup in which a membership function is
defined is called a generalized inverse semigroup.

A A A
Proposition 2.2. If Lisa fuzzy congruence on a generalized inverse semigroup S and is B-fuzzy antisimple, S/ L is also a
generalized inverse semigroup.
Proof. Given S is a generalized inverse semigroup. That is, S is an orthodox semigroup and the set E; of its idempotents is normal.

That is, for any efgh € E, efgh = egfh. Since S is an orthodox semlgroup and £ -fuzzy antisimple S/£ is an orthodox
semlgroup (Hariprakash, 2016). Let Eg £ be the set of all idempotents in S/ B Any element in Eg, £ and hence in S/ B is of the
form Ba where aeS. That is,

Eq$ ={L, isanidempotentin S/ L}

= { £a.. a is an idempotent in S} (Hariprakash, 2016).

Let .Ba, L b BC, Bd € Eg £ . Then a, b, ¢, d are idempotents in S. That is, abcd € S. Since S is a generalized inverse
semigroup.

abced = acbhd.
We have
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A
That is, Eg £ is normal. Hence, S/ Lisa generalized inverse semigroup.
A

Here S/ L is called L -fuzzy generalized inverse semigroup.

Proposition 3.3. If R isa fuzzy congruence on a generalized inverse semigroup and S is ..(R—fuzzy antisimple, SR a
generalized inverse semigroup.

Proof
Result follows from proposition 2.2, using the property of R.

Here S/ R is called R -fuzzy generalized inverse semigroup.

Theorem 2.4. If S is a regular semigroup, the following statements are equivalent.

(a) S/ Lisa L -fuzzy orthodox semigroup.

A A A A

A A A A A A A
(b) For any £a, Bb, ins/ L if £ar is an inverse of £a and Bb/ is an inverse of £b, Bb/ £a, is an inverse of £a£b.
A

() If £, e Eg 4 its inverse also belongs to Eg .

Proof

A A A A A A A A A
Assume (a). Let £a, L » €S/ L and £a, an inverse of £a and L b an INVerse of Bb. First we can show that B,,a and Bbbr
are idempotent.

We have

A

A A A A
‘Ba'a*'ea’a: 'Ba’aﬁa'a: £a'a
and

A A A A
-Bbb'*BbIz': 'ebb'hb’ = Bbh’-

A

A A
Hence, £a'a and £bb/ are idempotents in S/ L.

A A A

Since S/.L is an orthodox semigroup .Ba,a* L b is an idempotent.

That is,

A A A A A A A A A A
('Ba’a* Bbh’)*( 'ea’a* 'ebb') = 'Ba’a* Bbh'ar ( 'ea’a* Bbh’)z = 'Ba’a* Bbh’-

Similarly,

A A A A
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A A A

A A

a* Ba' * Ba*'eb* Bb'*'eb
A

L,

That is,

I
s

(‘Ba*'eh) * ('eb’*Ba') *('ea *Bb): Ba*‘B[J’(l)

Also

From (1) and (2), (b) follows
Assume (b). Given £ee Eg £ . Thatis Beis an idempotent in S/ L.

Let £xnbe the inverse of £e. Then £x* £e* BX: £xand £e* .BX* £e: Bx.

Now,

(Lo Ly (L s Ly=(LALALY L= L L,
and

A

LBy (L ALYy= (L LALYys L =L L,
*Be

A

That is, £,

A A A A

and L o ¥ £x are idempotents in S/ L. So, (BX * L Jt= BX * L - (Idempotents has its own inverse).

A

Thatis (L)' =L, *( L) * L, Thatis, L,* (L) * L, is the inverse of L.

That is,
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(LR LR L L
=L L =LY

A

Then .BX is an idempotent. Hence when Be is an idempotent in S/ B, its inverse Bxis also an idempotent in S/ L That 1s, .Be
€ Eg ¢ implies (L) e Eg § .

A

Assume (c). Let Be, L rare two idempotents in S/ L. Then £e* L re S/ L (Since S/ Lisa semigroup). Let Bxbe an inverse
of £ e * £f.

Then
(LxLy* L+ L *LH=L. *L3)

LorLys(Lyr(LysLy- LoLys L s Ly+L,

/-\
s
o
*
R
~
~
*
~ o~
s
-~
*
s
«
*
s
o
~
*
—
s
o
*
R
Y
Il

A A
Hence £f* L.* L, isinverse

Moreover,
(ﬁf*ﬁ *é‘)*(éf* éx* ée): BA/,* éx*(‘é‘*éf) *éx*ée: BA_/'* ﬁx* ée

Hence Bf* BX* Bg is an idempotent. That is, .Bf* Bx* Be ceEgp.

A

Then by (c) its inverse Be * £fe Egp.

A

Hence, the product of two idempotent in S/ L isan idempotents.

That is S/ L is an orthodox semigroup.
Theorem 2.5. If S is a regular semigroup, the following statements are equivalent.

(a) S/ is an L-fuzzy orthodox semigroup

A

(b) For anyab e Sif .B eV(.Ba) .B,, E V(.B,,) .B,, BAa,eV(BAa*BA,,) (c)Ife € Esand e' eV (e), L2, € Eg # where
£ e V(£L)

Proof

Result follows from theorem 2.4.
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Theorem 2.6. If S is a regular semigroup, the following statements are equivalent.

(a) S/ RisaR -fuzzy orthodox semigroup
(b) For any R @ be inS/ RitR « 18 an inverse of R . and be, is an inverse of R b R ¥ R « 18 an inverse of R o ¥

R,
(©)If R, e Egq, its inverse also belongs to Eg ¢ .

Proof

Result follows from theorem 2.4 by applying the property of R instead of L.

Theorem 2.7. If S is a regular semigroup, the following statements are equivalent.

(a) S/ f/% isa f]% -fuzzy orthodox semigroup
(b) For any a, beslffR eV(fRa) fR,,eV(.Bh) fR,, fR eV(fR fR,,)
(c)Ife eEgand e' €¥(e), fR eEy f where fR eV(fRL)

Proof

Result follows from theorem 2.6.
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