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INTRODUCTION

The canonization of the surfaces of the second degree in the real n-dimensional affine Euclidean space E, is well known

((Efimov, 2005; Konstantinov, 2000), and (Shafarevich, 2013)).In the known canonizations geometric interpretations are made
while in our paper we offer an algebraic approach. In this paper we reduce with orthogonal transformation of the unknowns a real

linear non-zero form f =& X +...+a,X, of nunknowns X,...,X, inalinear homogenousform g =d, U, of aunknown u,
with a positive coefficient ¢ :\/m Giving a definition of a canonical form of a planesin E,, we apply the above result
and we find the canonical form g of a surface of these hyperplanes. Until now a canonical form of hyperplanesis not defined and
it is not considered. We obtain a effective canonical forms of the surfaces of the second degree in E,. Our approach for an
obtaining of the canonical form g in E, of asurface f of the second degree is different from the known methods in a case of a
cylinder. Besides this method is effective since it gives the exact coefficients of the canonical form g in a dependent of the

coefficients of f . As an application of the obtained results we give the canonical forms of the maximal absolute and relative
inaccuracies (errors).

1.Reduction of alinear homogenousform in alinear homogenous form of one unknown

In the following result with an orthogonal transformation of the unknowns we reduce a linear homogenous form of N unknownsin
alinear homogenous formof one unknown.
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TheoremlIf f =aX +...+a,X,is a non-zerorea linear homogenous formof N unknowns X, ..., X, then thereexists an

orthogonaltransformation ~ of ~ the  unknownswhich  reduces fina liner homogenous form g =d U, where

d, =./a’+a’+..+a’ isapositive real number.

ProofLetn=1, ie f=ax.Ifa >0, thenobvioudy f =/a’x, =d,x, d, =/a >0and the theorem is proved. If
a, <0, then we apply the orthogonal transformation X, = —U, and we obtain f =(-a,)u, =+/a;u, =du,, d, =,/a’ >0.

Therefore,the theorem holdsfor n=1.

Supposethat N> 2. Let, for a determination, it holds a, # 0.

At first we reduce the form f =a X, +a,X, +...+@,X, withan orthogonal transformation of X, , X,,..., X, in the linear form

f=d,y,+a,y,+...+4a,y,, where Y,,..., y,are unknowns, i.e. we exceptthe unknown X, . Namely, we use the normed vector
a
To| d=a
d2 d2
and we form thelinear transformation

8, 8 & 8,
-2y +21Ly, =—1y 4+ 2
d2 yl y2 X2 yl d2

, X =V, i=3..,n 1
d, d, Yoo X =Y, D

jl:xlz

It is easily to verify, thatthis transformation is orthogonal and that f, =d,y, +a,y, +...+a,Y,.i.e the indicatedorthogonal
transformation excepts theunknown X, in f .

Suppose, that bythe orthogonal transformation] , , from the form (1), where 1< k—1< n—2,it is obtained the linear form

f,=dz +a.7.,+..+a,2,

where Z,, ..., Z, areunknownsand d, =/a’+...+a/ .

Inthe linear form f,_, we exceptthe unknown z, with theorthogonal transformation

a‘k+l k

d d a,,
d tk—1+_ktk’zk+1=_d_tk—l+Ltk’ z =t,
k+1 k+1 k+1 k+1

i=1..,k=Lk+2,..,n whered, , =./d?+a%, Te. d, =.a?+a’+..+a>, .Inthisway we obtain the linear form

fk = dk+1tk+1 +a o, ot al,

jvize=

wheret,,...,t are new unknowns.

The induction is ended. Finaly we obtainthe linear formof the kind g = f , =d u,whereu,is anunknownand
d, =+a’+..+a’is a postive real number. The linear form gis obtained with a sequential redizationof the transforms
J 1) 29ee0] g, i€ with the product] j ,...] ,,. However it is well known, that the product of orthogonal transformations of

the unknowns is an orthogonal transformation of the original unknowns. Therefore,j jj ,...J ,, ;isan orthogonal transformation of

X,y X, whichreduces fin g=d u_, where d =aZ+.+at-

The theorem is proved.Cl

2.Canonical forms of the hypersurfaces of thefirst degree

The surfaces of the first degree in the real affine Euclidean space E, are given bythe equation
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fl=2a,.>q +a=0 @)

i1
where g ,a€ll andatleasta #0.

Definition1.We say, that a plain has a canonical form (canonical equation) if this plain has the form z= 0, where Zis an
unknown. Let in E, an orthogonal coordinate system OXX,...X, is given. We notethat the equation X, = Qin E, is theplain

defined by the coordinate axes OX,, ..., O, , since every point (X, X, ..., X, 1,0) of E, satisfies this equation.
In the following result we obtain the canonical form of the plain fl given by (2).
Theorem 2.In the many-dimensional real affine Euclidean space E, the following cases hold for the plain fl.

1)If at least one coefficient & is non-zero, then the canonical form of flis given by the equation Z, = 0, i.e. this canonical form
the plain, defined by the coordinate axes O,z ...,0, z, , of some coordinate systemO,7,z,...z, of E,.

2lf a, =..=a, =a=0,then fisthespaceE,.

JIfa =..=a,=0u a=0,then fistheempty set.

Proof .Statements 2) and 3) of the theorem are trivial. We shall prove the statement 1). We represent the surface fl in the form

f,="f+a, where f =aXx +...+a,X,.Theoreml impliesthat there exists an orthogonal transformationwhich reduces

f=ax+..+axinf=dy, d=a?+.+a.In the last form of f we replace X,...,X, with the unknowns

Yis-er Y, - Consequently f, obtains the form dy, +a=0. We make the transformation 7 -y + 2 which wesupplementwith
"d

n

Y, =2Z,.Y,,=2,,, Where Z,...,Z, are unknowns.In this way we obtain a transation inE, and f obtains theform

d,z,=0,iez =0.
The theorem is proved.O

4, Canonical forms of the hypersurfaces of the second degree

In the many-dimensional real affine Euclidean space E, the surfaces of the second degree are given bythe equation

f (XX, )= D %X +2> ax+a=0,a, =a,,i,j=12..,n, €)
i,j=1 i=1
where a”,a,.,aeD and at least a, #0 and X,,..., X, areunknowns.

The forms

f,=2>ax+a, f,=> axx, a,=a,,j=12..n,
i=1

ij=1

are called alinear and a quadratic part of f , respectively. Denote by r ( f2) the rang of the quadratic part f2 of f.lfn=1,ie

inaspace E , the canonical formof f = a1x2 + 2a,X+ aiswell known and absolutely trivial.

If n=2 and n = 3the canonical form of f isaso well known. We shall consider n > 2, in order to do an analogy.We put

X Y1
X=|..|land Y =| ... |,

X Y

where X;,..., X, and Y,,..., Y, aresystems of unknowns.
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At first we shall obtain the canonical form of f reducing the quadratic part f2 in a canonica form by an orthogonal
transformation

Cp - Qi
X=QY, Q=.. .. .| g =0q;,q¢0. )
qnl qnn

n
Wereplace every X by X = Zqij Y . Thenthe linear part flof f obtain the form
j=1

f,=2>by +a,b=>aq. j=1..n (5)
=1 i=1

In view of Theorem2,we shall suppose, that at least one coefficient &; = 0, i.e. I'= r( f2) > 0.Let the characteristic roots

| ,,...,| , Of the quadratic part f,of f aredifferent from zero and| |, =0. Then we set

110

2 b2
c:a—%—...—l—’. (6)
1

In the following result we shall obtain the canonical form of the surface f of the second degree in E,, by orthogonal

r

transformations of the unknowns and by translations. We shall supposethat f isgiven by equation (3).

Theorem3.Let r > 0 be the rang of the quadratic part f2 of the surface f of the second degree in the real affine Euclidean space
E
1)Let r = N.Then the surface f iswith acanonical equation

N> 2 .Then the following cases hold, in which the numbersbj and C, j =1,...,Nn, aredefined by (5)and (6), respectively.

n'

|,22+...+1 22 =—c, )
where c isdefined by (6) for r = n. Besidesthe following subcases hold.

1.1l ,...,]  havethe samesignand ¢ = O, then f isan ellipsoid(an ellipse,if n = 2).
1.2)L etat |east two of the signs of | l,...,I , aredifferentand ¢ = 0. Then f isahyperboloid (a hyperbola, if n = 2).
1.3)If ¢ = 0 ,then f is acone. Besides, if | l,...,I , have the same signs, then f isanimaginary cone with only one real point

(0,0,...,0). (If n=2 andthesignsof | , and I , aredifferent, then f isa pair intersecting straight lines.)
2)Let r = n—1.We have two subcases.
2.1)Let bn # 0. Then thesurface f isaparaboloid(aparabola, if n = 2) with acanonical equation

|,z +..+, ,Z2, =-2b 7. (8)

Besides ifl ,,...,| ., are with the same signs, then f is an elliptical paraboloidandif at least two of signs ofl ,...,|  ;are
different, then f isahyperbolic paraboloid.

2.2) Let bn = 0.Thenthesurface f isacylinderwith acanonical equation
|,z +..+1,,Z2, =—cC. )
3)Let1<r < n-2.Thenthesurface f isacylinder.Besides the following subcases hold.

3.1)If at least one of thecoefficientsh isnon-zero, | =r +1,...,N, then f isaparabolic cylinder and f hasacanonical equation

|,z +..+1 2 =-sz,, s:\/bf+l+br2+2+...+bf : (10)
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3.2)Ifb,, =...=b, =0 then the canonical formof f is

|,z +...+1 .22 =—c. (11)

Pr oof . Afterthereductionof f2 inacanonicalformby orthogonal transformation (4), equation (2), in view of (5), obtains the form

Ly:+..+1,y?+2> by +a=0.
=1

In this equation we make the following transformation

2 2 hz b )
Ly, +2by =17 1 Z=yi+|—, I=1..,r.
i i
(12)
We add the last equalities with Z,, = Y, ;,..., Z, = Y, ad we obtain a trandation of the surface (12). In this way (12) obtains

the form

Ilzf+...+lrzrz+22n:tqzi+c:0, (13)

i=r+1
2 2
.. b by
whereC=a———...——.
1 Ir

We shall consider the different cases of the theorem.

DLet I =N. Then (13) obtains the form (7) andcase 1 of the theorem is fulfilled together with the consider subcases.
2)Let r = n—1. Equation (13) obtains the form

|,z +..+1,,22,=-2bz —c. (14)
We consider the following subcases.

2.1) Letb, # 0. Since
Cc
2bz +c=2b +—,
nzn n(zn 2an

C
then by making the trandationt, = Z, +£' tt=2z,.,t,,=2_,, (14) obtains form (8). Besides the subcaseshold for
n

eliptical and hyperbolic paraboloids, i.e. statement 2.1 of the theorem is fulfilled.

2.2) Let bn = 0. Then (14) obtainsform (9), i.e. f isacylinder and condition 2.20f the theorem is fulfilled.
3)Let1<r < n-2.Weconsider the following subcases.
3.1) Let at leastone coefficient Iqin (13) is non-zero, I=r+1...,N.Then, byTheoreml,

wetransformthelinearhomogenouspartof(13)  inalinearhomogenousform of one unknown 1t , applying an orthogonal

transformation of the unknowns Z ,,,...,Z,, expressed byt
obtain the equation

| 2 +...+1 >+t +c=0, S=m>o-

C
For this equation we make the trandation U, =t,...,u, , =t_,, U, =t +— .Then (13) Obtain form (10),i.e. f isacylinder
S

.,t,and supplemented withZ =1,,...,Z =t . In this way we

r+11**

and subcase 3.1 of the theorem holds.

3.2) Let le =..= bn =0.Then f isasoacylinder and (13) obtain form (11), i.e. subcase 3.2 of the theorem isfulfilled.
The theorem is proved.Cl
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Wenotethat r < n, then the surface f belong to aparabolicclass.

5. Hyper surfaces of the maximal absolute and relative inaccuracies

In this section instead of an error of a physical experiment we shall use the concept an inaccuracy ((Kolikov et al., 2010; Kolikov
et al., 2010; Kolikov et al., 2015)).

Let Y be an indirectly measurable variable depending on the directly measurable variables X, X,,..., X . Denote by f the
real function of arguments X, (i =12,...,n) such that Y = f (X, X,,..., X, ). Let k observations of X, X,,..., X, Of

Xi (i =12,..., n) are made in an experimental investigation.
The maximal absolute inaccuracy by the method of (Kolikov et al., 2010) is

AY = Z A |AX], (15)
i=1

where

1| of :

A :Ez a7(x1m,...,>gm,...,><nm), i=1..,n (16)
m=1 i

and
1 .

|AXi|:EZ‘A>gj‘, i=12..,n, (17)

=1

where Ax; are the maximal absol ute inaccuracies of the directly measurable variables,

1

The maximal relative inaccuracy of Y, according to (Kolikov et al., 2012), is

AY & |AX
—=Y'B|=, (18)
Y ‘T | X
where
18] x of .
B=— . moeen Xom ) 1 =12, (19)
T D) 3, Vi)
and
AX | 1&|A% | .
=M L i=12,..,0, (20)
XI k; )gj

AX.
wherei are the maximal relative inaccuracies of the directly measurable variables.

X

We note, that i(xm,...,xnm) and X, of in (16) and (19) are the values of of and X of |
oX; X, f oX,
respectively, calculated inthe m™" observationand A and B are the arithmetic mean of these valuesfor m=1,2,...,K.
2:

(X vees Xom)

The maximal absolute inaccuracy A?Y and the maximal relative inaccuracy of the second order of Y = f (Xl, ) ST Xn)

according to (Kolikov et al., 2015) are
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n X
2
A% = ZA”AXHAX\M —_Z , (21)
i,j=1 i,j=1 ]
: 2 AY »
respectively, where Aj of A°Y and of v are given by the equalities:
1 6 f -
== ,- , 1,1=12,...,n (22)
and
18] XX O
A== 1 (Xmr oo Xorn ) 11 =1,2,.. (23)
) k;\ F (X eees X ) OX;OX 4277000
respectively.
In (22) and (23) o f (Kmsos X, )and X Ximm o’ f ( )arethe values of a2 and xx g , respectively,
ox;oxX; " " £ (Xyseees X ) OX,0X Kot Ko XX, T axox,
calculatedin them-thobservationand A is the arithmetic mean of these values for m= 12,...k
The maximal absolute inaccuracy AY of Y of the second approximation we call the function
1
AY =AY + EAZY . (24)
. . . AY o .
The maximal relatively inaccuracy —— of 'Y of the second approximation we call the function
AY AY 1A%
LA (25)
Y[ Y[ 2 Y]
In (Kolikov et al., 2010; Kolikov, 2012; Kolikov, 2015) we assume that AX; and AX; (i=12,...,n)in (15) and (18) are unknown
Xi
values with constant coefficients. Then (15) and (21) imply, that (24) has the form
AY = ZA |AX | += Z A |AX | A (26)
| j=1
From (18) and (21) weobtainanalogoudly, that(25) has the form
AY AX | 1 AX. | |[AX.
— =Y B.J—H+=> B == (27)
Y i1 X, 253 X, X J.

AY AX. .
Wechange AY with Yy, ,and AX, with Xin (26) and, analogously,vwith yMandT'with xin @7 (i=12,..,n).
i
Thenwe obtain, that the maximal absolute and relative inaccuracies of Y of the second approximation in(n+1) -dimensional

affine Euclidean space E,,, have the general kind

yn+l Z a”)gX + ZZa,)g (28)

i,j=1

where a; and & are non-negative constants, a; = a; and at |east one of the coefficientsis distinct from zero (i, j =12,..,n

We shall make an algebraic classification of (28), i.e. a classification of the surfaces of the maximal inaccuracies of Y of the
second approximationasa corollary from the canonization of the surfaces in the many-dimensional affine Euclidean spaceE,,,,
i.e. asacorollary of Theorems 2 and 3.
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Theorem 4.Let I be the rang of the quadratic part of f2 of the surface f ofthe maximal absolute (relative) inaccuracy of the
second approximation in the real affine Euclidean spaceE,;, n>1. Then f isfrom parabolic typeand the following cases hold.
(i)Let r = N. Then the canonical equation of fis

|, Z2+..+l 22 =2, (29)

ie fisa paraboloid. Besides, ifthecharacteristicrootsl| l,...,I , of f2 arewithsamesigns, then f isanellipticparaboloidand if at
|east twocharacteristicrootsof f2 are with opposite signs, then f is a hyperbolicparaboloid.

(ii)Let 1< r < n—1. Then the canonical equation of f is

|, ZZ+..+1 2 =-S, S:\/bf+1+...+b§+%, (30)

Whereh aredefinedby (5), i.e. f isacylinder.
(iii)If r = 0, then the canonical form of fisz , =0, i.e fisahyperplane, defined from thecoordinate axesO,z, ..., 0,z of
same coordinate system O,7,7,...z, ,of E ;.

Proof.For the obtaining of the result we shall applyTheorem 3 and 2. Under the use of these theoremswe have to change E by

E.,» Nby n+1land bn by L The equations (28) and (29) we shall obtain directlyfrom the cases 2.1 n 3.1 of the defined
+1*_E
Theorem 3.

Redlly, if I =N, then the canonical equation (8) (of case 2.1) of Theorem 3 obtains the form (29),sinseq PR The case(i) is

Wl

completed.

Let1<r < n-1. It holds case 3 only withsubcase 3.1 with equation (10) which obtains the form (30), i.e.case (ii) is completed.
If r =0, then case(iii) is obtained by case 1 of Theorem 2.

The proof is competed.O

A significant part of the proved Theorem 4 canbeobtainedfromtheknowncanonicalformsofthehyperspacesoftheseconddegree
((Efimov, 2010), (Konstantinov, 2000) and (Shafarevich, 2013)), but indirectly, by same non-trivial additional reasonings.
Wenoteexplicitly, thatcase (iii) of Theorem 4 cannotbeobtai nedfromtheknowncanonizationsofthehypersurfaces ((Efimov, 2005),
(Konstantinov, 2000) u (Shafarevich, 2013)), sincecase (iii)is obtained from our original Theorem 2 which gives the canonical

form of an arbitraryhyperplanein E, . Furthermore, we indicate in Theorem 4 the exact parameters of the canonical forms.
Corollary 5.If the rangr of the quadraticpart f2 of the hypersur face of the maximaabsolute (relative)
inaccuracyofthesecondapproximationin F,is 1, then the canonical equation of this surface is the parabola y = I 1X2, where | is

non-zero characteristic root of f, .

Proof.It holds only case(i)of formulated Theoremdand the canonical equation y =1 lXzis obtained from (29) by the changes
Z=XandZzZ =Y.O

Conclusion

Our approach for a canonization of the hypersurfaces of the second degree in the many-dimensional space stress more to the
algebraic part of the question since the geometric interpretations are well known. This approach is effective since it gives the exact
coefficients of the given equation of the surface. Namely this effectiveness together with Theorem 2, gives us a possibility to
obtain the canonical equation of the hypersurfaces of the maximal inaccuracies (errors).
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