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ARTICLE INFO ABSTRACT

This article is devoted to modeling the mechanism of fouling in heat exchangers plates unsteady. The used
simulation is based on the monitoring of the evolution of the ice at the changing phase (solidification) in water
flowing in a rectangular section pipe, externally cooled. Cooling is done so that the heat exchange coefficient is
uniform between coolant in a turbulent flow and the wall. The problem, numerically solved by finite difference
method, provided results that allowed the exploration of the effects of the most relevant parameters such as the
coefficient overheated liquid, Biotand Reynolds numbers, the axial position, the cooling mode and temperature,
the evolution of the ice layer simulating the deposit of dirt.
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INTRODUCTION

Widely used in various industrial sectors (chemical, food, petrochemical,etc.)., Heat exchangers during operation, end by losing the heat transfer
efficiency, accompanied by an increase in pressure loss. These are two consequences attributable to fouling [1,3, 2]. The fouling, deposits on the
heat exchange surface increases the thermal resistance to the transfer in time, due to several factors [3, 5, 2, 4]: scaling, corrosion, reactions
between compounds in solution, the presence of macro and microorganisms, solids suspension or colloid, condensation of liquid particles or
solidification in liquid phase. The importance of studies on fouling exchangers lies in the fact that this deposit produces exorbitant financial cost,
due to the overhead caused by over-collateralization and especially downtime required for maintenance of the thermal units [3, 5, 8, 14, 2].
Modeling will predict the state ofclogging and to better sizing heat exchangers [7,9-14, 15,17, 20]. The deposition of substances is a function of
time. It can therefore be modeled by performing a balance that involves the speed of growth of the deposit that characterizes its overcrowding and
speed its elimination by retraining. The theory of germination [4] and its abundant use has a large step forward in the modeling of fouling [3, 5, 7,
8, 10, 13, 14, 6, 15,17, 20]. The literature shows, however, that both methods, thermal and hydrodynamic are conventionally used in the study of
the mechanism of fouling. The first method uses measurement of global exchange coefficient over time to estimate the thickness of fouling
deposition [1, 2]. The second links the overall resistance to flow, depending on the weight or thickness of fouling deposit, to the loss charge [13,
14]. The respective limits of previous approaches [15] led to the attempt of treating the problem by combining the two now taking into account
both thermal and mechanical degradation, an approach known as entropy [2, 15, 17, 20].This article is devoted to the study by simulation, in
plane geometry and in unsteady regime, the fouling of heat exchangers, followed by the growth of a layer of deposit ice.

2. EQUIPMENT AND METHODOLOGY
2.1. Simulating device

It was considered a line of flat rectangular section, ensuring the flow of water in which the phase change (solidification). It is cooled by a cooling
fluid in turbulent flow, through the wall of a copper plate, so that the heat exchange coefficient between the fluid and the wall is uniform.
The Figure 1 is a schematic representation of the problem where 0x is the pipe axis and Oythe normal to 0x taken at half-height. Upstream of the
pipe, the dynamic regime is supposedestablished and temperature profile is supposed to be uniform.

2.2. Methodology and solving the problem in plane geometry

We solve the heat equation in two-dimensional in each phase and then using the balance sheet and the condition at the interface, constants are
determined finite volume or finite differences Methods are much more commonly used. We chose to resolve the problem by the method of finite
differences on the one hand, and chose the formulation U-V-P other. This choice was guided by a quick calculation of the Peclet number, which
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was very large (greater than 1000) for all simulations and allowed us to neglect the axial conduction in the energy equation for the liquid and

2
solid phases [16, 18, 17]. Then, the ratio x/y, is large enough in the solid region, so it was the approximation thataaxej « 1. Moreover, for all

simulations, the Reynolds number of the working fluid is greater than 100, which authorizes the adoption of the Prandtl hypothesis. Given that
the study applies to plate heat exchangers, it is convenient to adopt for the modeling, a two-dimensional Cartesian coordinate system (x, y) with x
the axial coordinate and y is the normal coordinate. Thus, the following equations to be solved are expressed in dimensional quantities:

Local continuity equation :

ap , Apw) | Apw) _
at dx + dy =0 @

Projection of movement equation along 0X axis:

o ouowy_ _op . (0 o
p(6t+uax+vay)_ 6x+‘u(6x2+6y2) @)

Energy equation in the liquid:

aT, aT, aTy| _ , [T, , 9°T, ou\2 av\2 v oul?
P11 ;+u§+v5]_al ax2+ay2]+2u[(a) +(5) rulE+s 3)
Energy equation in the solid:

T 9%T, = 92Ty
pscpsgz;{s(axz +6y2) @

Where u and v denote the axial and normal speed components, S is the source term from the viscous dissipation of energy.
The main objective of the study was to determine the thickness of the deposit ice (fouling), we must add to these equations, the balance of the
solid-liquid interface.

Energy equation in the solid-liquid interface:

08 _ 4 3% _ 5 252
psLE - [/15 dy /11 By] [1 + (Bx) ] (5)

2
The factor [1 + (g) ], introduced by the authors [3, 4], is the term that accounts for the curvature of the solid-liquid interface. It is important to

recognize some simplifying assumptions that allow neglecting the effects of changes in certain variables. Thus, we took into account for the
modeling, the following assumptions:

. The fluid is incompressible;

° The flow is laminar;

. The dynamic regime is established and the temperature in the entry of the cooled zone is uniform.
. Specific heat and thermal conductivity are considered constant.

. Natural convection is negligible.

Local continuity equation:
The fluid is incompressible, we have divV = Oand then:

ou , 0v _
5'1'5—0 ©)

Equation of motion along Ox:

u . Ou, dw)_ 9, 0w
pl(6t+uax+v6y)_ ax+”ay2 ™

Energy equation in the liquid:

puCor (224 w24 v 20) = 2 (22 4 e (22)° ®)

Energy equation in the solid:

T, 92Ty
psts? =4 ay? )

Energy equation in the solid-liquid interface:

psL 2 = [Asg—?—al%] [1 + (g)z] (10)
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Equation of conservation of the flow:

J-pr u.l.dy = ct dor the zone without deposit (11-1)

f06 u.l.dy = ct efor the area with deposit (11-2)

The problem we are trying to solve is called "evolution."Thus we must add to these partial differential equations, boundary and initial conditions.

Boundary conditions:

At the entrance:

2
Tox =00 =1, v(x =0, =0, u) =3ua1- (2)]
P
At the interface: u(y = §,x,t) =v(y =6,x,t) =0
The assumption of local thermodynamic equilibrium can also write: T;(y = 6,x,t) = Ts(y = 6,x,t) = Tf
To the wall:u(y = Vi X, t) = v(y = Y, X, t) = 0, for the area without ice

4 Z—:}l(y = Vp, X, t)] = —hm(Tp - TOO), for the ice-free area
As Z—ZS (y = VY, X, t)] = —hw(Tp - Tw), for the area with ice.

On the x-axiszg—; (y=0,x1t)= Z—:}l(y =0,x,t)=v(y=0,x1t)=0

2.3. Landau Transformation

For the study area remains fixed in time and space, we applied the transformation of Landau [10] in the liquid and solid phases. It substitutes the
normal variable n by two dimensionless variables f7and & define in each area for liquid and solid phases, the following amounts:

&l

§¢=1

1—

0<7,¢=<1

7’7:

ol
> <

&l

Thus, the field of solving the problem in the normal direction is bounded by 0 and 1. This condition facilitates the solution of the Stefan problem.
Derived using the transfer, changes in variables related to | can be expressed as follows [20].
In the liquid phase, we can write:

(6) _1(6)_ 2\ 1[92 (6) _(6) 7d8 d
on/,~ §\aq) > \am?) ~ &2\an?) * \ox), " \ox/y GdXon

2\ (9 277dS 2 NE; d&\> 7dzé| a L d&\* a2
X2 n‘ ax? . 5 dxonoXx |52 \dx §dx%|oq  62\dx) an?

In the solid phase, we have:

(6)_ 1 6.<62>_ 1 02 (6) _(6)+§—1d56
on), " 1-50¢ ' \aw?) " (1—gy0e ' \ox), " \ax)e T1-5axaz

92\ (02 26-1dé 92 [206-1)(dd\* &-1d2§|la ,&—1\%(/d5\* 82
(m);(m); 15 dxoxot ' (1_®z<a> 1 gaxz a_§+<—1—5) (a) g

Equations written in dimensionless form By making dimensionless these equations and configuring using Landau transformations, we obtain the
system consisting of equations written below:

Local continuity equation:

ZriZ -y 12
1 (12)

Equation of motion along 0x:

ouU _dé\ 10U ouU 2 9%U dP
;+(V—U’7&)§ﬁ+”§‘wa—ﬁz——a (13)

Energy equation in the liquid phase:

26, _ 2 0%, , 2Br (au)z
an  Ped? am2 = Ped? \o7

(14)
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Energy equation in the solid phase:

965 _ 2BiiSt 1 926
dt  Pe.BigSts (1-5)° 042

(15)

Energy equation in the solid-liquid interface:

=85  2Bi;St;[ .. 90, 2,96 35\?
(=955 =o - G- 0251+ (D) | 1)
Conservation of flow equation:

[7ludg=1for X <X (17-1)

77" vdi = sforx > X; (17-2)
It accesses the dimensionless numbers that are:

D - .
e Re= plu%, Reynolds number characterizing the flow regime.

UCpr

e Pr = ——, Prandtl number, binding velocity and temperature.

PiCpiuaDp

1
e Pe=Re.Pr = ey

, Peclet number, ratio of axial conduction convection.

2
e Br= %, number of Brinckman, taking into account the effects of viscous dissipation.
\fe™1f

= M, Stefan number for the liquid and solid phases, respectively.
R . . . .
e Bij;= TZ”, Biot number for the liquid and solid phases, respectively.

e Dy = 4yp, hydraulic diameter and y,, the channel half height.

The boundary conditions become:

At the entrance:

0,(7,X = 0,) = 6V (7, X = 0,7) = 0UGX = 0,7) =>(1 —7%)

At the interface: U(7 = 1,X,7) = V([ =1,X,1) =0 forX>X,60,(1=1,X1)=0,(§=0,X,7) = 0cforX> X,
Atawall U(,=1,X,7) =V =1X,7)=0

—?(ﬁ =1,X,7) = —Bi;ij(6, — 0..)for X< X;

69
73
On the axis:%(ﬁ =0,X,7) = ﬁ(ﬁ =0,X,7)=V#{=0X,7)=0

—(¢=1X1)=-Bi;(1-8)(6,-6,) forX>Xs

The first and second derivatives contained in the partial differential equations of (12) to (17-2) were then calculated by respectively:

9¢@,j) ¢j+1D)—¢@,j—1) +O(A)? 6¢(l D_¢G@N-eG-1)
on 2A7 AX

+ 0(AX)

d ¢E;J) _¢Gi+D 2¢>(_w) +¢G,j—1) + (A7)
on (am)?

Discretization of the equations

Equation-energy in the liquid phase:

Equation (14) is in the form (18) and discretized as that of (19):

2z TR a5 =S() (18)

0(i)) _ 9lih — $lu
Jt At

al(l)a +a2(1)—+ az

01+ (L)-01(.)) 05131, j+1) -0 1 (i, j—1) ~ [6FF 10, j+1)-2051 (i, ) +6F 1 (1,j—1) ~ [6FF1 (L )-0F 1 (i-1,)) .
a (p DD | g 2 |+ as) [ Lo+ ay ) [P = 5G)

2AT] (A7)? AX
i i v (i-1, dsttl .
where:  a1()=1;  @0) = Samgg = U~ 1)) ey T G~ D
R 2 R . .
az(j) = - 23 @) =U"0-1,))

Pe(3f+1(i—1))
2Br [U“l(i —1,)—Ut*@i-1,j- D]

NOE -
pe (5+1(i - 1) ’ 240

(19)
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Rearranging the terms of the discretized equation of energy in the liquid, in ascending order of the indices j, we can rewrite it as (20):

a()- 6/ (i, j — 1) + b(). 61 (0, j) + c(D. 6/, j + 1) = d(j) (20)
. —a;() |, a3() N _ () 2a30G) | a.(), az(]) a3(j)
where:  a(j) = 207 +(Aﬁ)2’ b() = AT (AT)? tox c() = 207 (Aﬁ)z
(1) (1) . . .
d0) = 201 ) + o 05 (= 1)+ S()

Thus, the vectors a (j) b (j) ¢ (j) and (j) involve only the parameters of section i-1 are known at time t +1.
Equation (20), put in the matrix form (20”), provides a tri —diagonal:

bl 0 91 (l, 1) 0
: d(2)
91(1 N d(}) (207
0 e 0a,b, Bl(i: nj) d(;l]')

The elements by, ¢y, a,, b, of the tri-diagonal matrix are determined using boundary conditions on the axis and the wall. We used the Thomas
algorithm for solving this system and thus obtained, the temperature profile in the liquid. The same procedure was adopted in the following on the
matrix representation of the other equations. Different coefficients of the matrices were then determined from the boundary conditions on the
system to which they belong.

Energy equation in solid phase

Equation (15) is of the form:

92 65 . . —2Bi .St
a = 0‘ a = 1, a = -z 21
1(1) o T @20 0¢2 1) 27) Pe.BiySt,(1-81(D) b

Its discretization gave (22) rearranged as (23) or matrix form (23")

~ [05F1(L,1) -5, o [0541Gj+1)—2081 (L) +05H (-1 _
ay () [E-E2EED] 1 g, () | v ]=o0 (22)
a(NOEF(,j — 1) +b(NOEF (0, ) + c(NOF(G,j + 1) = d(D(23)
017 6,(i, 1) 0
: d(2)
0s(i, ) =|dy) (23%)
0@, nj) d(mj)

It was determined, by identification, the vectors a(j), b(j), ¢(j) and d(j) respectively in sub- diagonal, diagonal, super-diagonal elements, and the
result of the matrix product.

N = %20). ) _ 26:0), N _ az(), N ai) ey
a() = % b() = At &2’ c() = 062’ ag) = e 05 (L, ))

Elements by, ¢, a,, b, and are determined using boundary conditions at the interface and to the wall. The resolution of the tri-diagonal system
gives the temperature profile in the solid.

Motion equation

At this stage of calculation, the temperature profiles in the liquid and the solid are known in every section i. We could therefore calculate the axial
velocity profile. Equation (13) is then discretized in the following manner:

o v ])—Ut(l D gy [ 2 D UG 2 Dy (26 # D2 2000 G + UG = D)
a +a, 207 % (an)?

t+1 t+1 t+1c;y_pt+ici_
() [U (z]) Ut+i(i- 11]+ [P @ Af; -] _ 0(24)

vi(i-1,))  UtE-1,)710) 48
§t+1(i) 3”1(1') ax

where:  a;(j) =1 ; a(j) =
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2

— a,() = U (i — 1,
Re(30+1())’ +0) ( 7

az;(j) = —

Equation (24) rewritten as (25), has matrix representation (25°):

a(DUEL(>,j — 1) + b(HUT(E, ) + c(DUE(E,j + 1) +2 0 = d(j)(25)
o az(}) as() | a()) _ 2a5() a4(1) %0) | 330) al(])Ut(L]) a4(1’)Ut“(i—1J‘) PTH(i-1)
with: a(j) = 287 (Aﬁ)z ; b(j) = AT (Aﬁ)z AX ie() = 207 (An)z d@) = AX T ax
017 UG, 1)1 -0
: d(2)
- (i
' U(}.]) _ (:1) 25%)
' ap_gbp_1Cq- 11/AX : :
0 ~w~ 0 agb, Of[UGn) d(nj)
[ 1/2 e 0 0 L PG | Ld(nj + 1)

Local Continuity Equation

This is the equation of local continuity (12) which was used to calculate the normal component of the velocity V. The term dV/d7is discretized
by an upwind scheme in 77direction:

Ut+1(i’j)_ut+1(i_1’j) _ ﬁ d35+1(i) Ut+1(i,j+1)—Ut+1(i,j—1) I:Vt+1(i’j)_vt+1(i’j_1) 26
AX StH1(i)  dx 2A% StHL(i) A7 (26)

Taking into account the second member, it gave the equation (27) written in the form:
a(IVEGE,j — 1)+ bV, ) + c(IVERLGE,j + 1) = d(j) 27

M . T —_— 1 . 5 — 1 . T —_—
with : a(j) = FETayel b(j) = FETayek c)=0
d(]) B Ut+1(i,j) _ Ut+1(i _ 1,}') 77 dgt+1(i) Ut+1(i,j + 1) _ Ut+1(i,j _ 1)

B AX St+1(i)  dX 2A7

This is a diagonal matrix whose bi-matrix representation is (27'):

by 0 0 017 VG, 1) 0

: : d(2)
Vap | =] 4 @7)
0 : d(nj—1)
0 anby V(i, nj) 0
Energy equationin solid - liquid interface
Equation (16) is discretized as (28) and ordered:
st se+1en (OIS WY _ 2BiSt [ seq1.i0 s (1 _ Se+1iy) 4900
(1-e)snm (=) = S F o 5 - (- e o) 23
_ (8H1()* 281 (1) (-1 + (84 (i-1))

[1 X (28)
It is then put into the form (29) of a third degree polynomial into§¢+1 (i):
A.(8710)° + B.(871(1))* + C(8**1 (1)) + D = 0 (29)

. _ 1 2 BiSt[a8; | 4,96
With: A= - — e, [ag % aﬁ]

st BuSti [, st+1 % ﬁ% St+1(; _
B=1(1+80)+ 5 e 261G - 122 +7 (1 +261(i - 1))

_ 3 _ 2BisSy 5t+13i-1)\2\ 96; | A (24341~ F1-1)\ 86,|  _ 2Biisy A 96, 5t+13i-1)\ 2
¢= AT PeBiS'[<1+( AX ) a§+/15(1+ (AX)? )aﬁ D_Pe.Bis'/ls'aﬁ 1+( AX )
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Calculating the thickness of the deposit The best approach is that calculating Sstaand(dg /dX )Stafrom the heat equation in the solid steady, then

introduce them into the heat balance in the interface (equation 16) forcalculatingtransientd;and&byNewton-Raphsoniterative method. Calculating
approximate values of ;e tdwas then continued until the beginning of the formation of the deposit remains constant.
The dimensionless energy equation in solid, in steady state, is:

826,
oz = 0 (30)

The boundary conditions below are added to the equation (30) for its analytical resolution:
At the interface,

wegel :6,(E=0.X)=6,(1=1X) =65  Z=0=1X75E5EE=0X
At the wall,
we have: % = (1 = 852a)Bis(85( = 1,X) — 6,5)
The result of the analytical solution is such that &5, = — s
Bis<1+;j%>
an

Beginningt=10

Reading the initial and boundary
conditions

v

t=ttdtand 1 =2

ThomasAlgorithm ’—_ Calculation - 8,(,j)
no
L Ves
Isg =i
L ves
XJf“(isg) - X;(isg} =0
it no
SEELY s
FD=0a® | | Estimateto 6°() ; 87+(3, )
'9;+1(i1j) = Besta (1)
-
ThomasAlgorithm ¥ 4
- SEFLY . Agttl A, gErlf; 1
Iterative Newton-Raphson’s [ Calculation : §°*1(i) ; d&***/dx (i) ; bs (l’-}) '“
I

| ! s

[6P*1() — 6P ()| = 107°

ves

¥
Calculation :

U, ;P vEn
i—ni=10

i YES no
FtH{(i)— §t(i) = 10~°

ThomasAlgorithm

no

JEE
¥ }

Casestationary

(fin)

Figure 2. Flowchart of the algorithm for numerical computing in unsteady regime
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There appears the expression of a gradient parietal whose values are very important for the calculation of the transfer of heat or pressure drop.
Therefore, the choice of the polynomial approximation (29) must be judicious. The term commonly adopted is as follows:

26 _ dln)-¢linj-1)
= o 31)

The results obtained with the expression (31) for calculating the temperature gradients at the wall and at the interface, are very strong. These are
the source of a large velocity gradient. Itprefers for itself a third-degree polynomial, more accurate, given by (32):

%(ﬁ =1,X,7) =cop(i,nj) + 10, nj — 1) + c,¢(i,nj — 2) + c3(i,nj — 3) (32)
where: ¢;=3; ¢,=-1/5; c3=1/3; co = —(c1 + ¢y +¢3).
The flow chart describing the different steps of the algorithm calculations for the numerical solution is shown in Figure 2.

3. RESULTS AND DISCUSSION

Figure 3.1 (left) shows the results of analysis the overheating coefficient effects on the evolution of the solid - liquid interface relative to the
selected position on the x axis. From these results, it is clear that when the coefficient overheating € reduces, the appearance of ice deposit, so
fouling occurs more rapidly, causing an enlargement of the area covered by fouling at the expense of naked without the ice. This has led to the
search for limit position emergence of ice. It was then realized that the limit position is much smaller than the overheating coefficient is low still
favoring development of the area covered.

1 g 1) Bil = 3,33
0.9 0.9 ]!"
A 2) Bil =4,16
0.8 0.8 3) Bil =4,58
0.7 k
w 07
w0 0.6
0.6 | 1
0.5 2
0.4 05 1 ::ziij
0.3 0.4 | 3T === =
==
0.2 0.3 L I I I i
0 01 02 03 04 05 0 01 02 03 04 05
X X

Figure 3.1 and 2. (3.1). Influences of overheating coefficienton the development of the solid-liquid interface as a function of the axial position,
(3.2). with the liquid Biot number

I'm
0 1) Re =1040,3
0.8 L\\\ 2) Re = 520,18
|
o 1
M‘ T~
w© a2 TTem——_
04 el =
‘-‘h"“--..__ T
02 T——
0 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5
X

Figure 4. Effect of Reynolds number of the working fluid (fore = 0,4 and Bi;, = 1,66)on the development of solid-liquid interface as a function of the
axial position

The results presented in Figure 3.2 (right) are those arising from the influence of Biot number analysis on the evolution of deposit ice at fixed
value of the overheating coefficient. It gets in effect increasing the liquid Biot number also causes enlargement of ice area at the expense of
naked. Figure 4 presents results of analysis the effects of the Reynolds number or flow of the working fluid, on evolution of the ice according to
the axial distance x. These results showed that the thickness of ice, simulating the thickness of dirt deposition, decreases as the Reynolds number
or the flow rate increases at fixed Biot number and overheating coefficient values.
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Figure 5. Effect of axial position on the evolution of the solid-liquid interface as a function of time (5.1-left): at Bi; = 4,58 ; Re = 520; € = 0,2, (5.1-left)
and (5.2-right) : atBi; = 4,58; Re =520; £€=10,3

These Figures 5 show the results of the analysis ofice deposits profiles over time, in different sections (X) of the chilled water pipe (legends).The
results given by these curves have led to conclusion that the deposition thickness increases as the water approaches the exit of the pipe. These
results are entirely consistent, because this is a heat exchanger against the current in which the cooling water increases from the inlet to the outlet
of the pipe, the area where its temperature significantly lower, promotes solidification. It should be noted that given section, the rate of growth of
ice is relatively high in the first moments, but eventually experience slowdown at long times (time greater than 75 seconds). The results of the
analysis of the effects of the axial position and the overheating coefficient in the temperature profile in the liquid and the plate are shown in
Figure 6.

09 | .
5 | 0'9 L
0.8 | 0.8
0.7 | 1) X=0 0,7
06+ 2)x=L/4 _ 06 | x=L
= 05 ; 3)X=L/2 = o5 } 1)t=1s
04+ q)x=31/4 0.4 | 2)t=60s
0.3 | 5)X =L 03 ' 3)t=120s
0.2 | 02 I g)t=210s
01 | 0,1
0 | 0 . : -
0 0,5 1 0 02 04 06 08 1
s.y/yp 5.y/yp

Figure 6. Influences of axial position and overheating coefficient on the temperature profile in liquid at the pipe outlet (asymmetrical cooling).

The results obtained here also are in no way inconsistent with those mentioned in various previous analyzes, as far as we are interested in those
for temperature profiles based on both, the axial position, long times, the overheating coefficient, that the flow rate of the water. The examples
shown in Figures 6 clearly show that the thermal boundary layer thickens up to the exit of the pipe area where the liquid is cold on one side and
the temperature drop is higher in the first moments as long cooling time on the other. The curves obtained confirm that the higher the overheating
coefficient is low, lower the temperature of plate. It is the same with the wall temperature when the Reynolds number of flowing water is low.

Conclusion

A model of plate heat exchanger fouling was described by the growth of ice based on a coupling of thermal degradation with the unsteady
hydrodynamic. The simulation then allowed a better understanding of the influences of different parameters involved in the development and
growth of the ice layer. It was thus possible to analyze the behavior of the thickness of the layer of ice (fouling deposit) as a function of the
overheating coefficient, axial distance, and respective numbers of Biot liquid, Reynolds and finally time. Taking into account the experimental
validation for the numerical model is the most perspective to this work.
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