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INTRODUCTION

The concept of a type-2 fuzzy set, which is an extension of the concept of an ordinary fuzzy set, was introduced by Zadeh (1975).
A type-2 fuzzy set is characterized by a membership function, i.e., the membership value for each element of this set is a fuzzy set
in (0, 1), unlike an ordinary fuzzy set where the membership value is a crisp number in (0, 1). Hisdal (1981) discussed the IF
THEN ELSE statement and interval-valued fuzzy sets of higher type. Jhon (1998) studied an appraisal of theory and applications
on type-2 fuzzy sets. Stephen Dinagar and Anbalagan (2011) presented new ranking function and arithmetic operations on
generalized type-2 trapezoidal fuzzy numbers. The fuzzy matrices introduced first time by Thomason (1977), and discussed about
the convergence of powers of fuzzy matrix. Kim (1988) presented some important results on determinant of square fuzzy matrices.
Ragab and Emam (1995) presented some properties of the min-max composition of fuzzy matrices. Shyamal and Pal (2007) first
time introduced triangular fuzzy matrices. Recently Stephen Dinagar and Latha (2012) introduced type-2 triangular fuzzy
matrices. In Stephen Dinagar and Latha (2013) presented some types and properties of type-2 triangular fuzzy matrices. The paper
is organized as follows. Firstly in section-2 of this paper, we recall the definition of type-2 triangular fuzzy number and some
operations on type-2 triangular fuzzy numbers. In section-3, we review the definition of type-2 triangular fuzzy matrices (T2TFM)
and some operations on T2TFMs. In section-4, we define adjoint of T2TFMs. In section-5, we derive some more special properties
of adjoint of T2TFMs. In section — 6, relevant numerical examples are presented. Finally in section - 7, conclusion is also
included.

TYPE-2 TRIANGULAR FUZZY NUMBERS

Definition: Fuzzy set

A fuzzy set is characterized by a membership function mapping the elements of a domain, space or universe of discourse X to the
unit interval (0,1).

A fuzzy set A in a universe of discourse X is defined as the following set of pairs:
A= {(x, pa(x)); x € X}.

Here pa: X — (0,1) is a mapping called the degree of membership function of the fuzzy set A and pa(x) is called the membership
value of x € X in the fuzzy set A. These membership grades are often represented by real numbers ranging from (0,1).
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Definition: (Zadeh) Type-2 fuzzy set
A type-2 fuzzy set is a fuzzy set whose membership values are fuzzy sets on (0,1).
Definition

The type-2 fuzzy sets are defined by functions of the formu,: x — ¥ ((0,1)) where ¥ ((0,1)) denotes the set of all ordinary fuzzy sets
that can be defined within the universal set (0,1). An example (4) of a membership function of this type is given in Fig.1.

By

Fig.1. Illustration of the concept of a fuzzy set of type-2

Definition: Type-2 fuzzy number (7)

LetAbea type-2 fuzzy set defined in the universe of discourse R. If the following conditions are satisfied:
(1) Ais normal,
(ii) A is a convex set,
(iii) The support of A is closed and bounded, then Ais called a type-2 fuzzy number.

Definition: Type-2 triangular fuzzy number

A type-2 triangular fuzzy number AonRis given by A= (%, (A" (%), 1A% (X), 147 (%)); xR} and pa'(x) < pup’(X)S pa’(x), for all
xe R. Denote A = (4;,4,,A3), where A,= (AIL,AIN,AIU), A= (AZL,AZN,AZU) and4;= (A3L,A3N,A3U) are same type of fuzzy
numbers.

Arithmetic operations on type-2 triangular fuzzy numbers (8)

Let a= (Gy, Gy, G3) = ((alL,alN,alU),(azL,azN,azu)»(asL,a3N,a3U)) and g = (51, Bza 53) = ((b1L,b1N,b1U),(sz,sz,sz),(b3L7b3N5b3U))
be two type-2 triangular fuzzy numbers. Then we define,

(i) Addition:

& + b= ((a"+b;" M 4b, N2, Y4+b,Y), (2, byt b, N,V b,Y) (a3 4 bs a4 bs Y, a3 V4biY))
(ii) Subtraction:

a- i;': ((a1L—b3U,a1N—b3N,a1U—b3L)a(azL—bZU,azN—sz,aZU—sz),(a3L—b1U733N—b1N, asu—blL))

(iii) Scalar multiplication:

Ifk > 0 and k € R then kd = ((ka;".ka," ka;"),(ka," ka," ka,"),(ka;" ka;" ka;")) and
ifk < 0 and k € R then kd = ((ka;" ka;" kas"),(ka," ka," ka,"),(ka," ka," ka,")).
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(iv) Multiplication:

Define ob = b,"+b,"+b, +b2 +b,N +b2 +bs"+b;"+b;".If ¢b =0, then

= % Lob Nop Lop Nab Usb Lob asNob a3Vob
aXb:((a19 ’a19 ) (az az ’a29 )’(a39 ’a39 ’a39 ))
If ob<0, then

~ = u
ixb=((=",

aYob  ayNob  aylob
9 ' 9 9

azNob  azlob
9 ' 9

) ( ) (

’ ’

a,Yob a,Nob alLab))
9 ' 9 9 ’

(v) Division:

Wheneverob # 0 we define division as follows:If ab>0, then

& (90" 9aN 9a.V [ 9axk 9axN 9ayV [ 9azl 9asV 9azV
5_((ab’ab’ab)( 'ub'ab)(trb'ab'ub))'
Ifab<0, then

&7 9asz 9a3N 9a3 9a2U 9a2N 9a2 9a1U 9a1N 9a1L )
T_(Cl 2t ety (e el 9usly w7 gaal gurly),

The proposed ranking function (8)

Let F(R) be the set of all type-2 normal triangular fuzzy numbers. One convenient approach for solving numerical valued problem
is based on the concept of comparison of fuzzy numbers by use of ranking function. An effective approach for ordering the
elements of F(R) is to define a linear ranking function R:F(R) —» Rwhich maps each fuzzy number into R.

Suppose if A = (Adynds), = (ARANAYANANAY)ANANAY)  then  we  define  R(A) =
AHA A A AN AL AR ANHALY) /9

Also we define orders on F(R) by
R(A) > R(B) if and only 1fA B
R(A) < R(B) if and only if ARB

and R(4) = R(B) if and only if A3 B.

TYPE-2 TRIANGULAR FUZZY MATRICES (T2TFMS) (8)
Definition: Type-2 triangular fuzzy matrix (T2TFM)

A type-2 triangular fuzzy matrix (T2TFM) of order mxn is defined as A = (@; )mxn Where the ijth element @; ; of A is the type-2
triangular fuzzy number.

3.2. Operations onT2TFMs

As for classical matrices we define the following operations on T2TFMs. Let A = (§; j)and B = (Ei ;) be two T2TFMs of same
order. Then we have the following:
(i) A+B=(a; +by)
(i) A=B=(d;; — by)) } 3
(iii) For A = (&;})mxn and B = (b} )ux then AB = (&) Where &= Yn_; @y, .b
i=1,2,.....,mand j=1,2,..... k.
(iv) Alor A= (@)
(v) kA =(kd; i), where k is a scalar.

pj>

3.3. Definition: Equal type-2 triangular fuzzy matrices

Two type-2 triangular fuzzy matrices A = (; j)and B = (gi ;) of the same order are said to be equal if the rank of their elements in
the corresponding positions are equal. Also it is denoted by A =B.

Notation

Let A = (G; ;) be a type-2 triangular fuzzy matrix. Suppose if we take rank for every a; ; in A then A is converted into a classical
matrix. It is denoted by A = (&;; ) ¢= (R(ﬁij))
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4. ADJOINT OF T2TFM
4.1. Definition: Determinant of T2TFM

The determinant of a nxn T2TFM A = (@; ;) is denoted by | A | or det(A) and is defined as follows:
| A= 2pes, signp [liz1 Qi

:Zpesn signp a11;(1)5217(2) anp(n)

Where 5ip(i) are type-2 triangular fuzzy numbers and S,, denotes the symmetric group of all permutations of the indices {1, 2, 3, ..

. . . 1 2 . .
., n} and sign p =1 or —1 according as the permutation p = (p A1) p2) p (nr)L) is even or odd respectively.

4.2. Definition: Minor

Let A = (; ;) be a square T2TFM of order n. The minor of an element a; ; in A is a determinant of order (n — 1) x (n — 1) which is

obtained by deleting the i row and the j" column from A and is denoted by 1\71' -
4.3. Definition: Cofactor

Let A = (; ;) be a square T2TFM of order n. The cofactor of an element a; ; in A is denoted by A;ij and is defined as A;; =
(_I)Hjﬁij-

4.4. Definition: Aliter definition for determinant

Alternatively, the determinant of a square T2TFM A = (; ;) of order n may be expanded in the form

|A|:Z?:15L}AL} ,iE {1,2, ,1'1}

where 4; ; is the cofactor of d;;.

Thus the determinant is the sum of the products of the elements of any row (or column) and the cofactors of the corresponding
elements of the same row (or column).

4.5. Definition: Adjoint

Let A = (d; ;) be a square T2TFM of order n. Find the cofactor A:L- ; of every element a; ; in A and replace every a; ;by its cofactor

Aj; in A and let it be B. ie, B = (A:ii)‘ Then the transpose of B is called the adjoint or adjugate of A and is denoted by adjA. ie, B’
= (A]l) = ad_]A

5. PROPERTIES OF ADJOINT OF T2TFMs
Property: 1

If A =(G; ;) is a square T2TFM then A(adjA) is a diagonal-equivalent T2TFM.

11 a12>
21 Q22

Then adjA = (é“ ‘221>
12 A22

11 thz) (1‘?11 %21)
21 Q2) \A;, A,

Proof:

Qu Qu

LetA—(

Qu Qu

Now A(adjA) = (
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_ (‘:1111411 + a4, a11A21 + a12A22>
C:121~/113 + &22A1g a21A21 + Az247,

_ ( Ay Ay + apd, G (=) + a12a11>
81057 + Az, (_‘:121) a21A21 + 8y45,

_(1A] 0
) ( 0 (Al )
Which is a diagonal-equivalent T2TFM.
Property: 2
If A= (G ;) is a square T2TFM then (adjA)A is a diagonal-equivalent T2TFM.
Proof:

a,, a
Let A= (z :12>
Gz1 Gz2/

Then adjA = (‘ill -

fiey
[\S}
D D
N N
N [
Dy Dy S~
=Y
=3

Now (adjA)A = /i
A

NN

[T
\/
—

D
N
[y
Qu Qu Qu
N
[y

[\V} [\V}

[ [

ﬁu }u Qu Qu
[

oy NP
N N N
Qu Qu Qu ~—

12 T A21a22)
12 + Az20;;
a

12 T (_512)522>

+ xa
N
e
Q
[\V]
[y

()

Which is a diagonal-equivalent T2TFM.

Property: 3
IfA= (51'1') is a square T2TFM of order 2, then A(adjA) = (adjA)A c= R(|A|) 1,

Proof:

By property:1, we have

A(adjA) = (lAl 0 )
0 |A|

_ (R(lA D 0 )

0 R(IAD
raan(} )
:R(| ADIL,

i.e, A(adjA) c=R(|A] I, —— == (5.1
By property:2, we have

(adjA)A = ('Al 6)
A

(Ru A )
R(IA]

kv ;)
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=R(IAD I
ie, (adjA)A c=R(|A] I, —— = (52)
From (5.1) and (5.2), we have A(adjA) = (adjA)A c=R(|A|) I,
Property: 4

Let A = (d; ;) be a square T2TFM of order n. If A contains a row with type-2 zero-equivalent triangular fuzzy numbers then
(adjA)A is a null-equivalent T2TFM.

Proof:

Let A = (G; ]) be a square T2TFM of order n and let B = (gl ij) = adjA. Then by the deﬁnition of adjoint matrix, the ij" element
b of B is Aﬂ , Where A]L is the cofactor of @ aﬂ in A which is obtained by deleting the j™ row and the i column from A.
W1th0ut loss of generality we assume that the r' row of A be 0 . Therefore all the elements a, i = 0 for all j j- We know that if all

the elements of a row (or column) of A are 0 then | A isalso 0. Hence all the elements of adjA are A;i ;= 0 except j# 1.
Let C = (adjA)A. Then the ij" element & jof Cis

Now all A:ik =0 , k# rand 5”' =0 . Hence Eij =0 for all L,j=1,2,..,n
Thus C = (adjA)A is a null-equivalent T2TFM.

Property: 5

Let A = (d; ;) be a square T2TFM of order n. If A contains a column with type-2 zero-equivalent triangular fuzzy numbers then
A(adjA) is a null-equivalent T2TFM.

Proof:

Let A = (G; ]) be a square T2TFM of order n and let B = (gl ij) = adjA. Then by the deﬁnition of adjoint matrix, the ij element
b of B is A]L , Where A]L is the cofactor of @ aﬂ in A which is obtained by deleting the j™ row and the i column from A.
Wlthout loss of generality we assume that the r™ column of A be 0 . Therefore all the elements a; = 0 for all i. We know that if
all the elements of a row (or column) of A are 0 then | A| isalso 0. Hence all the elements of adjA are Al = =0 except i# 1.
LetC= A(adJA) Then the ij' " element & jof Cis
EU k= 1alk Ak]

*Zk#” alk Ak] + aerrJ 5 5
Now all Ak] 0 k# rand d@; =0 . Hence ¢j=0foralli,j=1,2,..,n.
Thus C = A(adjA) is a null-equivalent T2TFM.

Property: 6

Let A = (@; ;) be a square T2TFM of order n. If A is symmetric T2TFM then adjA is also symmetric T2TFM.

Proof:

Let A = (&; ]) be a symmetric T2TFM and let B = (b, ;) = adjA. Then by the definition of adjoint matrix the ij™ element E jof Bis

A]l, where Aﬂ is the cofactor of @ aﬂ in A.

Since A is symmetric T2TFM,

51']' = Ejl for all l,_] = 1, 2, e, I
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Hence = A:ﬁ foralli,j=1,2,..,n.

ie, Eji = le' foralli,j=1,2,..,n.

ie, B= (Bij) is a symmetric T2TFM.
Property: 7
Let A = (; ;) be a square T2TFM of order n. If A is null-equivalent T2TFM then adjA is also null-equivalent T2TFM.

Proof:

Let A= (5U) be a null-equivalent T2TFM and let B = (gij) = adjA. Then gij = A?i , Where A:-i is the cofactor of aji in A.
Since A is a null-equivalent T2TFM, all
&;=0foralli,j=1,2,...,n.
Hence jij =0 for all L,j=1,2,..,n
ie, bj; =0 foralli,j=1,2, .., n.
Therefore B = (Ei ;) = adjA is also null-equivalent T2TFM.

Property: 8
For a square T2TFM of order n, adj(A" ) = (adjA)’

Proof:

Let A= (5ij) be a square T2TFM of order n. Then by definition adjA = (A:ji).
Hence (adjA) = (A;;) ——— —————— - (5.3)

Also, A" = (&;;). Now, adj(A") =(4;;) ———— (5.4)

From (5.3) and (5.4), we have adj(A" ) = (adjA)" .

Property: 9

If A is an unit-equivalent T2TFM of order n, then adjA is also an unit-equivalent T2TFM of order n.

Proof:

Let A = (d; ;) be an unit-equivalent T2TFM of order n. Then all the entries in the principal diagonal a;= T and the remaining

entries outside the principal diagonal are 0.
Hence the cofactor A; ; of every entry of A is as in the following manner:
/Iij: 0 for all i#j

and4;= | 1| of order n—1.

We know that | T| = 1. Therefore 4;; = 1.
Hence adjA = (/Tﬁ) is also an unit-equivalent T2TFM of order n.

Property: 10
If A is an unit T2TFM of order n, then adjA is also an unit T2TFM of order n.
Proof:

Let A = (; ;) be an unit T2TFM of order n. Then all the entries in the principal diagonal ;=1 and the remaining entries outside
the principal diagonal are 0.
Hence the cofactor 4; ; of every entry of A is as in the following manner:
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A= 0 for all i#j

andjii: | I'| of order n—1.

We know that | I | = 1. Therefore jii =1.
Hence adjA = (Aji) is also an unit T2TFM of order n.

6. Numerical example

A - ([(—2, -1,3),(-1,0,4), (3,48)] [(=3,-2,2),(-2,-1,3), (2,3,7)]) "
[(0,1,5), (1,2,6), (5,6,10)] [(1,2,6), (2,3,7), (6,7,11)]
|A| =[(~10,-5,15),(=5,0,20), (15,20,40)] - [(0,1,5), (1,2,6), (5,6,10)]
=[(~20,-11,10), (—11,—2,19), (10,19,40)]
Now R(|A|)=54/9
ie, R(JA])=6.

Also
dA — ( [(1'2:6): (2;3;7): (6,7,11)] [(_7: _3' _2)' (_3;1;2): (_2;2;3)])
ad [(-10,-6,-5), (—=6,—2,—1), (=5, -1,0)]  [(=2,—1,3),(—1,0,4), (3,4,8)]
AadjA)=
[(=2,-1,3),(-1,0,4), (3,4,8)] [(—3,—2,2),(—2,—1,3), (2,3,7)] [(1,2,6),(2,3,7), (6,7,11)] [(—7,—3,—2), (-3,1,2), (—2,2,3)]
( [(0,1,5),(1,2,6),(5,6,10)] [(1,2,6), (2,3,7),(6,7,11)] )([(—10,—6, -5),(—6,-2,-1), (—5,—1,0)] [(—2,—1,3),(—1,0,4),(3,4,8)] )

[ [(—10,-5,15), (-5,0,20), (15,20,40)] ] [ [(—8,—4,-3),(—4,0,1),(—3,1,2)] ]
+[(—28,—-12,-8),(—12,4,8),(—8,8,12)] +[(—6,—4,4),(—4,—2,6), (4,6,14)]

[(0,5,25), (5,10,30), (25,30,50)] [(—-10,—-6,-5),(—6,—2,—1),(—5,—1,0)]

[+[(—44, —28,—24),(—28,-12, —8)]] [ +[(2,4,12), (4,6,14), (12,14,22)] ]

_( [(—38,-17,7),(—17,4,28),(7,28,52)] [(—14,-8,1),(—8,-2,7),(1,7,16)]
- ([(—44, —23,1),(—23,-2,22),(1,22,46)] [(—8,—2,7),(—2,4,13),(7,13,22)] )

6
(9

ie, A@djA)=R(|A] I,
(adjA)A=
[(1,2,6),(2,3,7),(6,7,11)] [(=7,-3,-2),(-3,1,2),(—2,2,3)]\ ([(-2,—-1,3),(—1,0,4),(3,48)] [(—3,-2,2),(—2,-1,3),(2,3,7)]
([(—10,—6,—5),(—6,—2,—1),(—5,—1,0)] [(=2,-1,3),(—1,0,4),(3,4,8)] )( [(0,1,5),(1,2,6),(5,6,10)] [(1,2,6),(2,3,7),(6,7,11)] )

[ [(2,4,12), (4,6,14), (12,14,22)] ] [ [(1,2,6),(2,3,7),(6,7,11)]

_ +[(—28,-12,-8),(—12,4,8), (—8,8,12] +[(-35,-15,-10), (-15,5,10), (—10,10,15)]
[(—20,-12,-10), (—12,—4,—-2),(—10,—2,0)] [(—10,—6,-5),(—=6,—2,—1),(=5,—1,0)]
[ +[(—8,—4,12),(—4,0,16), (12,16,32)] ] [ +[(-10,-5,15), (—5,0,20), (15,20,40)] ]

_( [(—26,-84),(—8,10,22), (4,22,34)]  [(—34,—13,—4),(~13,8,17), (—4,17,26)]
- ([(—28, -16,2), (—16,—4,14),(2,14,32)] [(~20,-11,10), (—11,-2,19), (10,19,40)])

-
3

ie, (adjA) A=R(|A]) I,
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Conclusion

In this article adjoint of type-2 triangular fuzzy matrices are defined and also some special properties of adjoint of T2TFMs are
proved. Using these results of T2TFMs, some important properties of T2TFMs, involving the notion like inverse of matrix can be
studied in future. Also the theories of the discussed T2TFMs may be utilized in further works.
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