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Anti-invariant (or totally real) submanifolds of Kaehlerian manifold have been studied by Blaer,
Chen, Houh, Kon, Ludden Ogiue, Okumura, Yano and others. The purpose of this paper is to
study a compact n-dimensional anti-invariant submanifold M immersed in n-dimensional complex
projective space (CP™, m = 1). First section contains some preliminaries and in section two we
have pursued Kaehlerian manifold of dimension 2n and constant Holomorphic sectional curvature
(M:“[cj, 7 = 1). Also some important theorems have been investigated. In third section we have
discussed the compact oriented anti-invariant submanifold and its geodesic properties and
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INTRODUCTION

Let M?" be a Kachlerian manifold of dimension greater than
2n, where n is even and M an n-dimensional Riemannian
manifold. Let J be the complex structure of M*". We define M
a totally real submanifold of M*" if M admits an isometric
immersion into M“™ such that J{T,(M}} = T.(M)*, where
T.(M7} and T,(M)* denote the tangent space and the normal
space of M at x respectively. Let k be the second fundamental
form of M in M*™ and denote by 5 the square of length of the
second fundamental form &. Now, Chen-Ogiue [9] have define
and prove the following:

Definition 1: Let M be an n-dimensional compact anti-
invariant minimal submanifold immersed in M*"(c), if

5« nim 1)

- then M is totally geodesic.
a(In-13

Definition 2: Let M be an n-dimensional anti-invariant
minimal submanifold immersed in M*™{c]. If the sectional
curvature of M is constant, then M is dither totally geodesic or
has nonpositive sectional curvature. Moreover, if the second
fundamental form of the immersion is parallel then M is
totally geodesic or flat. Moreover, Ludden-Okumura-Yano

[11] studied an n-dimensional anti-invariant minimal
submanifold M of CP™ satisfying.5'=%+f‘, where CP"

denotes an n-dimensional complex projective space of
constant holomorphic sectional curvature. Let a local field of
orthogonal frames Iy, ... ... [z in M*® which are tangent to
M. Denote JI; by I; and let A%, ......, 4% be the field of dual
frames with respect to the frame field of A"  then the
structure equations of M are given by

r— _4F g
(1.1) dAf = Aq;‘m,
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(1.2) A2 1 AT =0, AR =AY A¥ = a3,
il il ] 1.
(1.3) Al =—AP AL+ 7 =KD AT NS
jul jul
I{E,'rs + I{[','sr =1

When we restrict these forms to M. we have

(1.4) At=10.

Since A" = —A% A A* = 0, by Cartan’s lemma we can write
i — 1.0 u i — 1.i

(15 A, =h, A% h,,=h,,

and from (1.2) it follows that

(1.6)
From these formulas we obtain the following structure
equations of M:

L — T
hay = by

(1.7) dAY = —AL A AT, 4% 4 AT = 0
(1.8)

dA¥ = —4% AAY + QY Q¥ = RE, A" A4
(1.9) RY.. = K& + TRl hl, — R AL,
(1.10) ddl = —4k NAF +9,9f = TRl AT A A,
(L.11) Rl = Khpr + Zil(hkyy 1)y — hiph,)

The forms [uy,) define the Riemannian connection of M, and
the form {u_l[] the connection induced in the normal bundle of
M. From (1.2) and (1.5) it follows that

(1.12)

1 — v — LW
h.-"h' - J::!'i.L'I-" - h'ul\!
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where we have written h%, in place of hY, to simplify the
notation. The second fundamental form of M is represented by
hy A*A%e;, and is sometimes denoted by its componentsh;,,,.

A N L
If the second fundamental form is of the form “** """';""“ 9,
then M is said to be totally umbilical. If k., is of the form

: (Fur ) & L . .
R, = '“"F"%D‘", then M is said to be umbilical with respect

(T kE e
[ Ry 811
to ;. We call % the mean curvature vector of M, and

M is said to be minimal if its mean curvature vector vanishes
identically, i.e., 2, k., = 0 for all i. We define the covariant
derivative hi,., of ki, by

B AY =dhl, — hi A% —hL A% + B/ Al

Wy

(1.13)
The Laplacian kL, of L, is defined to be

(1.14) ":"h'ii.w =L hii.uﬂfa

where we have defined ki, by

h::.ll."l-fl' A= dh::.ll."h' - hiw' Ai - h:lmf"qﬁ - hi[,wx-'qﬁ' + h"-i AL

147 i

(1.15)

In the sequel we assume that the second fundamental form of
M satisfies equations of Codazzi:

(1.16)

hLL‘h' - l;J'i[.m'lr =L
Then, from (1.15), we have

h::.{l,‘h'x - h::.{l?.'l."h' = hi[.LrRwafx + h;.'uP-I — i, R}

"WWE ap W

(1.17)
On the other hand, (1.14) and (1.15) imply that
(1.18) ":"h'i[.w =Z h!:nll,‘h'h' =X P":-:fi.{l,‘h"

If M*™™ is locally symmetric, then we have the following
equation (Braidi-Hsiung)

(1-19) Zi,u,v h1iw = Zi,u,v,w(hiwhivww - K;vjhfwh{vw t 4I{jiwuh£wh1iw - Kxf/jw}"fwhjw t
+2K\zuwh§mh1iw + Zngwh;l/W iv) - Ei,j,u,v,w,x[(hlitwhéw -
_hiwhiw) (hhxhix_h;/xhix) t hfwh\ﬁvx Jv ]x - hfwh\LNuhmjwhix]

Compact Oriented Anti-invariant Submanifolds

Let us suppose M*" (¢} is a Kaehlerian manifold of dimension
2n of constant holomorphic sectional curvature ‘c’. Then the
curvature tensor of M*" is given by

@2.1)

KI:-:IE’S = i ':":'Eprars - apsrjqr +.Irpr.lrr,'s _.Irpsf-r,'r + zfp;.lrrs:l=
where &, denote the Kronecker deltas. Let & be an n-
dimensional anti-invariant submanifold immersed
in[M*" (c)]™. From the condition on the dimension of M and
M it follows that I,.....l, is a frame for T,{M)*.In view
of this and using (1.2), (1.5) and (2.1) we reduce (1.18) to

oo - 1 o 2

Q2 Ziuw by = Yiww twhinmw +5 0+ DSy by =5 ¢ B hln)” +
+ i e (oo B Bl e = My By e i) =
BB = il Pl ) (Bl iy, = Michiey).

For each a, let H, denote the symmetric matrix (hi,}.then
(2.2) can be written as

2.3)

T onioan
LAl

#H b0 HEN
ERIERR IS

I VLT WP S T

S VR T W
=t + 3
where tH} denote the trace of the square matrix Hf i.e. sum
of the element of main diagonal of a square matrix. Equation
(2.3) was obtained by Chen-Ogiue [9] for an anti-invariant
minimal submanifold M™ immersed in [M*" (c]]™. Now set

Sy = Zip hii.wﬁ'-.i,wa =5y, 5=E; 5,

so that §;; is symmetric (n % n}-matrix and can be assumed to
be diagonal for a suitable choice of I, . ue. .5y, and S is the
square of the length of the second fundamental form ki, of M.
Since trD* = Ei,__,;{ai,_,::]: is independent of the choice of a
frame, for any symmetric D = (@, } we can rewrite (2.3) as

(2.4)

E[_i.e,l:hi[.w":"hil:w = .

EI:_LLI.—'_'h' ha [111'i.LI.-' + i{” + 1es - EE SE + Ei_j' tr [HEH_{ - H_i'Hi]. -
—2cTi(trH))® + 5 s trHtr(H HH)).

Now we have the following lemma

Lemma (I): Let D and E be symmetric (1 x n} —metrics.
Then

—tr(DE — EO)® = 2D Piret

and the equality holds for non-zero matrices D and E if and
only if D and E can be transformed simultaneously by an
orthogonal matrix simultaneously into scalar multiples of I
and E respectively, where

/0 10y /1 0 0
Dzlﬂﬂ),E=U—1 0l

0 oo o o o

Moreover, if Dy, Dy, Dy are symmetric (7.1} —matrices such
that

—tr(D;D; —D;D;)? = 2tr DFerDA, 1S 1,j 3,1 %,

then at least one of the matrices & must be zero.
by using Lemma 1, we have the following inequality which
plays an important role in the sequel.

@25)  -Ttr(HE-HE) + 55 -0+ Des 221,55+ 55 -

1 o1 1 1 :
—‘—}{n + 1)c5 = [I\Z —;]5 —‘—}{n + 1]::]5—;;(5[—:3-)-,
4

Then (2.4) and (2.5) imply that

(2~6) - EZ W Jsl'i[.u:‘Msl'i[.w =E- EI: AW h,i[w h':-:ﬂf.u,‘ >
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where
eI~ he tr o anlel oo ooz N gun ET £l ET ET OET Y
u — ||'; - “_.I"' - . e T I._JLI = T - I"L‘l.l\ fll[J _.‘_.[__i'f.n’ .!li'(.n’ l\ll[.ﬂli'.lli_]-

Theorem (2.1): Let M be an n-dimensional compact oriented
anti-invariant submanifold immersed in Kaehlerian manifold
of dimension 2n and constant Holomorphic sectional
curvature [M*" (¢3]™. Then

2.8  [,[B-L(trH)A(trH)]dV = 0,

where d¥ denotes the volume element of M.

Proof: First we obtain

.r;.;- E[_i.g:}f{hi[.amf]: aV = _.r;.;- E[_iLL‘ J:"i[.u,"':"J:"l...u:"-"gll’r =D
On the other hand, we have [8]

f_u Y- Rl @V = Jﬂu Z;(erH)A (trH)dV.
From these equations and (2.6) follows the inequality

2.9)
[ [B =i rHIAErHANAY 2 [, By u(hlins ) dV = Q,

which is same as equation (2.8).

Theorem (2.2): Let M be an n-dimensional compact oriented
anti-invariant minimal submanifold immersed in Kaehlerian
manifold of dimension 21 and constant Holomorphic sectional
curvature i.e. M*" (). Then

@10) [, [(2-%)5= 6+ 1c]sav = .

This is the special case of theorem (2.1) which was proved
essentially by Chen-Ogiue [9].

2. Compact oriented anti-invariant submanifold in a
totally geodesic

Now we assume that M is an n-dimensional compact oriented
totally real submanifold immersed in[M*"(c}]",n =1 and
that M is not totally geodesic in M*" but satisfies

G.1)  [,[B =X GrH)AGErH)GV = 0.

Then (2.9) implies that ki_, = 0, i.e., the second fundamental
form of M is covariant constant, so that Ahi, = 0, and all
terms on both sides of (2.6) vanish. It follows that inequalities

(2.4) and (2.5) imply

1 .
(3.2) ;E[}j{si - S_i':]‘ =4
(33)  —tr(H;H; — H;H;)? = 2tr H trH}

For any i # j. Then by Lemma 1 we may assume that H; = 0
for i = n + 3,....2n, which shows that &; = 0. But by (3.2) we
case that §; = 5, for any i, j. Since M is not totally geodesic,
71 = 2 and therefore by using Lemma 1 we can assume that

(3.4) Hyy=4 [.-i é] Hng=p [é Ul]'

From this it follows that M is a minimal surface immersed
in[M*™ (£)]". Since the second fundamental form h of M? is
covariant constant, the sectional curvature of M?* is constant
and hence M? is flat by definition 2. On the other hand, by
using (1.13) we obtain

(35)  dhi, = R, A% + RL A% — B 4b

Setting ¢ —3,u — L —2 we see thatui— dhi; —0,
which means that A is constant. Similarly setting i = 4 and
u = v = 1, we see that p is constant. By (3.2) we get A% = u?,
and since § =3¢ we have 1% + 2 = ic so that i* = ic.

Since M is not totally geodesic, we may assume that ¢ = 0and

-
A= == ﬂlé. Then (1.5) and (3.4) imply

A% = A% A = A4L, A% = pAL A% = AR

On the other hand, setting i = 3, u=v=1 in (3.5), we
have 43 = fﬂl = 24%. Hence we obtain the following

Theorem (3.1): Let M be an n —dimensional compact
oriented anti-invariant submanifold immersed
in[M*™(c3]™n =1 s.t. M is not totally geodesic but condition
(3.1) exist. Then M is a flat surface minimally immersed in
(M ()] and w. r. t. an adapted dual orthonormal frame
field A%, A%, A% A%, the connection form (.-’IE:[ of [M*™ (g2,

restricted to M, is given by

0 A} —a4' —pal

—4 0 -t oa#| i f
FECEE 0 2AL 141
wdt —uAt 24

Here, we take an n-dimensional complex projective space CFP"
of constant holomorphic sectional curvature 4 as an ambient
space. Then the above theorem implies.

Theorem (3.2): Let M be an n-dimensional compact oriented
totally real submanifold immersed in CP", n = 1, such that M
is not totally geodesic but satisfies (3.1). Then = —:Z
and M = §'x 5%,
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