Available online at http://www.journalcra.com

INTERNATIONAL JOURNAL
OF CURRENT RESEARCH

International Journal of Current Research
Vol. 6, Issue, 09, pp.8395-8407, September, 2014

ISSN: 0975-833X RESEARCH ARTICLE

ON UNITARY BIMATRICES
1Ramesh, G. and 2*Maduranthaki, P.

1Department of Mathematics, Govt. Arts College (Autonomous), Kumbakonam, Tamilnadu, India
zDepartment of Mathematics, Arasu Engineering College, Kumbakonam, Tamilnadu, India

ARTICLE INFO ABSTRACT

Article History: Unitary bimatrices are studied as a generalization of unitary matrices. Some of the properties of
Received 15" June. 2014 unitary matrices are extended to unitary bimatrices. Some important results of unitary matrices are
Received in revised form generalized to unitary bimatrices.

06" July, 2014
Accepted 20" August, 2014
Published online 18" September, 2014

Key words:
Bimatrix,

Unitary bimatrix.

Copyright © 2014 Ramesh and Maduranthaki. This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

INTRODUCTION

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are still a powerful and an advanced tool which
can handle over one linear model at a time. Bimatrices are useful when time bound comparisons are needed in the analysis of a
model. Bimatrices are of several types. Unitary matrices are a firsthand tool in solving many problems in mathematical and
theoretical physics and the diversity of the problems necessitates to keep improving it. For real matrices, unitary is the same as
orthogonal .In fact there are some similarities between orthogonal matrices and unitary matrices. Here we consider all matrices

*
belongs to C,., . For any matrix A, A denotes the conjugate transpose of A . In this paper we have developed unitary

bimatrices as a generalization of unitary matrices. Some of the properties of unitary matrices (Hari kishan 2008; Richard Bronson
?; Vatssa ?) are extended to unitary bimatrices. Some important results of unitary matrices (Rukmangadachari ?; Vasistha et al.,
2010) are generalized to unitary bimatrices.

Definition 1.1 (Vasantha Kandasamy et al., 2005)

A bimatrix AB is defined as the union of two rectangular array of numbers A1 and A, arranged into rows and columns. It is

1 1 1
a, a, e 4y,
al al al
written as Ay = A4, U A, with A, # A, (except zero and unit bimatrices) where A4 = 2 2 21 and
1 1 1
a, a4, ... a4,
2 2 2
a, a, . a,
2 2 2
4 = a, a, . a4,
2 2 2
a, a., .. a,

<’ is just the notational convenience (symbol) only.
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Definition 1.2 (Vasantha Kandasamy etz al., 2005)

Let AB = A1 ) A2 and B 5 = B1 ) 32 be any two m x n bimatrices. The sum C  of the bimatrices AB and B » 1s defined as
Cy =4, +B;=(4 +B)U(A4,+B,), where 4, + B, and A4, + B, are the usual addition of matrices.

Definition 1.3 (Vasantha Kandasamy et al., 2005)

If AB =4 UA2 and By = B, U B, are bothnxn square bimatrices then, the bimatrix multiplication is defined as,
Ayx B,=(AB) U (4,B,).

Definition 1.4 (Vasantha Kandasamy etz al., 2005)

Let A, = A1 U A4, and B, = B, U B, be two bimatrices ,then AB and B, are said to be equal if and only if A1 and B, are
identical and 4, and B, are identical. Thatis 4, = B, and 4, =B, .

Definition 1.5 (Vasantha Kandasamy et al., 2005)

If AB = A1 ) A2 isa m X m square bimatrix, then the identity bimatrix is definedas [, =1, U1, .
Remark 1.6 (Vasantha Kandasamy et al., 2005)

If AB = A1 ) A2 be a bimatrix, then we call A1 and A2 as the component matrices of the bimatrix AB .

II Unitary Bimatrices

In this section some of the properties of unitary matrices are extended to unitary bimatrices. Some important results of unitary
matrices are generalized to unitary bimatrices.

Definition 2.1

Let AB = A1 ) A2 be ann x n complex bimatrix. (A bimatrix AB is said to be complex if it takes entries from the complex
field). A, is called an unitary bimatrix if 4,4, = A, A, =1, (or) ;IBT = A; . That s,
AA OAA =AAVAA=1UI,.

Example 2.2

Let A, =4 U4,

V[ @] 11+ —1+i 1 [=i =i [ 1= 1-i
Ay =— U= D A= U=
’ ﬁL —I] 2[l+i l—i} i JEL‘ zl 2[—1—:‘ 1+z}

AA*—LZ. ixi_i —i ulHi _1+ixl =i 1-i
B2l =i 2l i 2014 1=i | 2|=1—=i 1+i
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Similarly, we can find that A, A, =1, (2)
From (1) and (2), we get ABA; = A;AB = 13 .

Hence, AB is a unitary bimatrix.

Theorem 2.3

Product of two unitary bimatrices of the same order is a unitary bimatrix.

Proof

Let Ay, =4 JA, and By =B UB, be unitary bimatrices so that A A UA,A =AAVAA=1UI;
BB UB,B, =B/B,UB;B,=1,Ul,; (on) 4, = 4;,";B,” =B,

Now (4,B,)(4,B8,) =[(4 w4)(B B )|[(4u4)(BuUB)]
=[4B UA,B][4B V4B,]
~[4,B, U Asz][(AlBl ) U(4,B, )"}
=[4B, VAB] B 4 VB4 ]
-[4(BE)4 o[ 4 (55) 4]
=(4 14 ) (4,14,
=(44)o(44)
=1, Ul,
(4,8,)(4,B,)" =1, (3)
Similarly, we can prove that (A4,B,)"(4,B,)=1, (4)
From (3) and (4) we get, (4 By) (43B)" = (A4,B,) (4,B,) =1,
Hence, the product of two unitary bimatrices is a unitary bimatrrix.

Example 2.4
PR L A | B LA ARSI IE
P T i 12| 2| 1] ™ B‘EL —Z]UE N,
P20 1+ ] 1 [i i 1 [i 17 1] i 3
ABy) =| — X—= —= X =
(4,55) (\/7{1—1' —1+21} \/EL —iDUL\E[—i J 2{\/5 IU

(ABBB):L|:_3+21. _1} 1{—“\5 i3+z}

u_
14] -1 342 22| 1443 —iB+i
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.1 [-3-2i -1 1 |-1+3 BB3+1
(4,5,) :ﬁ{ -1 3—21'})%{—1\/5—1' iﬁ—i}
(4,B,) (4,B,)
1 q —342i —1} {3—21' -1 DUL “1+3 i3+ . “1+43  3+1
Ji4 3+42i ) | -1 3-2i) 2V2\| 1443 —iB+il| |=iB-i i3-i
1

{0(1) { } Tk

(ABBB)(ABBB)* =1y (5)
Similarly, we can find that (A4,B,)’ (ABBB ) =1, (6)
From (5) and (6) we get, (A4,B,) (4,B,)" = (A,B,) (A,By) =1,

Hence, AB B is a unitary bimatrix.

Theorem 2.5

Inverse of a unitary bimatrix is a unitary bimatrix.

Proof

For a unitary bimatrix Ay, 4,4, = A, A, =1, or ZBT = A;.

4 (47) =(404) ' [(4ua)" |
=47 (47 v (4")
=(4 o) 4t o]
(4" o4 )[(Al‘l)* U(A;)*}

=47 (47") v (4")

=1Vl
(A ) A4,") =1, (7)
Similarly, we can prove that (A;;1 ) (A;) =1, (8)

From (7) and (8), we get A, ( ) = (4, hy ( ) 5

-1 . . . .
Hence, AB is a unitary bimatrrix.
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Example 2.6

1 0 1+2i 1|1
Let Ay=4 VA4, =— U—

sl-1+2i 0 | 2| -l
0 1+ 2i 1 ]
|AB =L . + ZUL . 1
5|1—1+2i 0 21-i -1
=1ul
0 -1-2i -1 —i
A;IZL ! UL !
5(1-2i 0 201

(A,,)(A,])* 1([ 0 —1-2i] 0  1+2i] L
= — X —— X
PATEL \1-2i 0 -1+2i 0 NO\RER Y R

(A,,)(A,])* 1 ([ 0 —1-2i] 0  1+2i] 1 ([-1 =i [-1 =i
= —— X U — X
EATES S 5\[1-2 0 142 0 N i1

1 0 1 0]
= |\ :=IIUI2
0 1 0 1]

(A N4, =1, (9)

Similarly, we can find that (A;l)* (A;l ) =1, (10)
From (9) and (10) we get, A; (A; )* = (A;)* (A;) =1,.

-1 . . . .
Hence, AB is a unitary bimatrix.

Theorem 2.7
Transpose of a unitary bimatrix is a unitary bimatrix.

Proof
* * - T — -
For a unitary bimatrices 4,, A, A, = Ay Ay =1,(or) Ap = A

*

(40)(45) =(4 v a) x| (404) |
(47 UAZT)x[(AIT ) (4 )}

(a7} oy - no

(45)(43) =1, (1)

Similarly, we can prove that (Ag )* (Ag) =1, (12)
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From (11) and (12), we get (Ag)(Ag )* = (A;)*= (Ag) =1, .

T . . . .
Hence AB is a unitary bimatrix .

Example 2.8

1+i —1+i J 3
LetABZAIUAzzl{ l l}ul{l f}

T v
i A

ey (0 0 s T T
o M o

(45)(45) =1, (13)

Similarly, we can find that (A; )}k (AT) =1, (14)

B
From (13) and (14), we get (A;)(A; )* = (A; )* (A;) =1,.
Hence Ag is a unitary bimatrix.

Theorem 2.9
The determinant of a unitary bimatrix has absolute value 1.

Proof

If A is a unitary bimatrix then we have A, A} = A A, =1, (o) Az = As
det (A, 4;) = det( 4,4, ) = det(I,)

det(4,4," ) =101

det 4, det 4," =101

det 4, det 4, =101

det 4, detd, =1U1



8401 International Journal of Current Research, Vol. 6, Issue, 09, pp.8395-8407, September, 2014

|det AB|2 =l= |det AB| =1 (Where det 4, may now be complex)

Hence the determinant of a unitary bimatrix has absolute value 1.
Example 2.10

Let 4 L1 ! ul ! i\/g
e =—= -
NG S | I PN

1l i 11 W3
A |=— — =-ljulll=1uUul
Hence, |AB| =1.

Theorem 2.11
Conjugate of a unitary bimatrix is a unitary bimatrix.

Proof

Let 4, = A \U A, be unitary bimatrix. Thatis , 4,45 = Az, =1, (o) A" = 45"
A =4 U A

Ay Ay =(A U A4,) (4 Y 4,)

A, Ay =(4, 9 4,)(4 U 4,)

Ay Ay = (A4 U A,4)

Taking conjugate on both sides,

A A = A A O A, A

Similarly, we can find that (ZB) (ZB) =1,

From (15) and (16), we get ZB (ZB)* = (ZB )* A, =1

B B

Hence, A, is a unitary bimatrix.

B

(15)
(16)
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Example 2.12

i [ 0 1
tA, =— U—
ST - 15| <1420 0

Similarly, we can find that (A; )* (ZB ) =1,. (1 8)
From (17) and (18) ,we get Z(ZB )* = (ZB )* A= 1,

Hence A, is a unitary bimatrix .

Theorem 2.13
Conjugate transpose of a unitary bimatrix is a unitary bimatrix.

Proof

Let Ay = A U A, be unitary bimatrix. That is, A, A, = Ay A, =1, (or) ZBT = A;l.

Consider A, 4, = (A4, U 4,)(4, W 4,)
A dy = (4 A,) (A U 4y)
ABA; = (AIAI* Y AZA;)

Taking conjugate transpose on both sides,
(4y;) =(44 4, 4;)
() Ay =(44) U(44;)
=1Vl
A4y =1, (19)

Similarly, we can prove that A, A, = I, (20)
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From (19) and (20), we get A, A, = A, A, =1,.

* . . . .
Hence, A, is a unitary bimatrix.

Example 2.14

1/1+i 1—1i 1/1+i —1+1i
Letdy, =4, U A4, =— U —
20(1—-i 1+ 20(1+i 1-1i

., 1|1=i 1+i 1| 1-i 1-i
ABZ_ . Yz . .
211+i 1—1 20-1—-1 1+
. 1-i 1+i 1+i 1-i 1-i 1-i I+i —-1+i
A;(A;) =A;AB=1 1 1 xl 1 1 ul 1 1 xl 1 1
211+7 1-i 211—-i 1+ 21 -1—-i 1+ 211+i 1-1i
1 0 1 0
= ) =1,Ul,
0 1 0 1

A, (4;) =1, (21)

Similarly, we can find that (4,) A4, =1, (22)
From (21) and (22), we get A, (A; )* = (A; )* A, =1,

* . . . .
Hence, A, is a unitary bimatrix.

Theorem 2.15
Any integral power of a unitary bimatrix is also a unitary bimatrix.

Proof
—7
Let A, = A U A, be unitary bimatrix. Thatis, A, A, = AzA, =1, (or) Ay, = A;l

Consider A, A, = (A, U 4,)(4, U 4,)
=(4, U A4)(4 U A4)
= (AIAI* v 4, A;)
=1, U1,

Al =1, (23)

Similarly, we can prove that A, A, =1, .

Again, (ABA; )2 = (ABA; )(ABA; )
- I:(Al U A)(4 A4, ) :I [(Al U 4,)(4 v 4, )* ]
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[(4 0 44 O A4) ][ (4 U A4 V4]
(U4 v ][44 w44 ]
=[1,vL][1, V1]

=101,

(4,4;) =1,

2
Similarly, we can prove that (ABA;) =1;.

Hence, A; is a unitary bimatrix.
k . . . . . * k * k
Assume that A, is a unitary bimatrix. That is, (AB A, ) = (AB A, ) =1,
To prove A" is a unitary bimatrix.
« \ K+l N « \ K
(ABAB ) = (ABAB )(ABAB )
= [B. [B (Since by (23) and (24))

= [;
(ABA; )k+1 _ [B

k+1

=1

Similarly, we can prove that (A;AB ) 5

Hence, any integral power of a unitary bimatrix is also a unitary bimatrix.

Example 2.16

Let AB:AIUAZ:%{

(AB)zzABABZ{%L/% Jf}%{jg {gDU(ﬂ—lz ﬂxé[—lz m
- Tl
R N

CGR RIS Il [5F e

(24)
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1 0 I 0
= ) =lUl,
0 1 0 1

A4 (42) =1,
. 2\" 42
Similarly, we can find that (AB) A, =1,

From (25) and (26), we get A; (A; )* = (A; )* A; =1,.

Hence, A, is a unitary bimatrix.

Remark 2.17
Powers of unitary bimatrices occurring in applications may sometimes be familiar real matrices.
Example 2.18

Let

1 V3 1+i —-1+i
AB:AIUAZ:%{ l\/—}ul[ ’ l}

31| 201+ 1-i

ails s TIMBE TR )
1{1 i\/ﬂ 1{—2+2i —2+211

= — U —
2113 1 2420 —2-2i

4
N TS I N IR T B SN 1[—2+2i —2+2i] 1[1+i
A=A 4 =| - x— ul= _ =

213 -1 2|3 1 41 2+2i -2-2i| 2|1+i

A4,

Hence, AZ =—1,.
Theorem 2.19

Unitary bimatrices are normal.

Proof

Let Ay = A U A, be unitary bimatrix. That is, 4,4," = A," A, = I, (or) Z; = A; .

Consider A, A, = (A4, U 4,)(4, U 4,)
A Ay = (A4 U A,) (A7 O 4y)

—1+i
1-i

J
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ABA; :(AIAI* UAZA;) :111; UI;
Ay =(A404,) (404)
Ay =(4 04 )(4 0 4,)

A A, = A A U 4 A,

AyAy, =101,
A, A, =1, (27)
Similarly we can find that A, 4, =1, (28)

From (27) and (28), we get A A, = Ay A, =1,
Hence unitary bimatrices are normal.
Example 2.20
1[0 142 1 [142 1+i
Let A=A Ud-=— U—| .
Js 7 1-i —1+2i

o] 0 —-1-2i] 1
L U
Posl-2i 0 |7 1= —1-2i]

g 0 1+2i] [ 0 -1-2i 1 ([1+2i  1+i 1-2i  1+i
= — X U — X
P -1e2i 0 T[1-2i 0 JI\ =i —1+2i || 1-i -1-2i

I 0 I 0
= ) =[Ul,
0 1 0 1

AL =1, (29)

a0 -1 0 1+2i 1 (T1=2i  1+i | [1+42i 1+
= — X U — X
B sl1=2i 0 ~1+2i 0 JI\ =i —1=2i | 1-i -1-2i

A4, =1, (30)
From (29) and (30), we get Ay A, = A, 4, =1,

Hence, AB is normal.

Result 2.21

Sum of two unitary bimatrices need not be a unitary bimatrix.
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Example 2.22

Let

1M+i 1=i] 1| i 3 11 B 1[1+i —1+i
A, =— B U

1—i 1+i 211+i 1-i

|\ ; =—
2|3 i PN 2

)

1 2+1 1—i+i\/§ 1 1+2i —1+\/§+i

Ay + B, =— U—
P 2lCiti3 2+i 2014340 1

C1] 2-i 1+i—i3| 1| 1=2i  1+3-i

(4+8,) =5 Leici3 2-i | 2|-1e3oi 1
(AB+BB)(AB+BB)*=1 10-243 24243 Ll 10-24/3 2423 +2+2i\3
412423 10-23| 4|2+23-2-2i3 6+23
(4, +B,) (4, +B,) #1 (31)
Similarly, we can find that (A, + B, ) (4, + B, ) # I (32)

From (31) and (32), we get (AB +BB)(AB + B, )* =(AB + B, )* (AB +BB)¢].

Hence, AB +B 5 1s not a unitary bimatrix.

Conclusion

Some of the properties of unitary matrices are proved for unitary bimatrices. In a similar way all the properties of unitary matrices
can be verified for unitary bimatrices.
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