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Stoneley wave. When viscous field is neglected, the wave velocity equation of this generalized type
of surface waves is in complete agreement with the corresponding classical results.
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INTRODUCTION

When seismic waves propagate underground, they are influenced not only by the anisotropy of the media, but also by intrinsic
viscosity of media given by Carcione [1]. Therefore, in order to accurately describe the underground propagation of the seismic
waves and then more precisely guide seismic data acquisition, processing and interpretation, media models should be chosen that
can simultaneously imitate anisotropic characteristics of formation and viscoelastic characteristics for numerical simulation and
analysis of wave fields As a result, the theory of surface waves has been developed by Stoneley, Bullen, Ewing et al., Hunters and
Jeffreys. The effect of gravity on wave propagation in an elastic solid medium was first considered by Bromwich [2], treating the
force of gravity as a type of body force. Love [3] extended the work of Bromwich investigated the influence of gravity on
superfacial waves and showed that the Rayleigh wave velocity is affected by the gravity field. Sezawa [4] studied the dispersion of
elastic waves propagated on curved surfaces.

The transmission of elastic waves through a stratified solid medium was studied by Thomson [5]. Haskell [6] studied the
dispersion of surface waves in multilayered media. A source on elastic waves is the monograph of Ewing, Jardtezky and Press [7].
Biot [8] studied the influence of gravity on Rayleigh waves, assuming the force of gravity to create a type of initial stress of
hydrostatic nature and the medium to be incompressible. Taking into account, the effect of initial stresses and using Biot’s theory
of incremental deformations, Dey modified the work of Jones [9]. De and Sengupta [10] studied many problems of elastic waves
and vibrations under the influence of gravity field. Sengupta and Acharya [11] studied the influence of gravity on the propagation
of waves in a thermoelastic layer. Brunelle [12] studied the surface wave propagation under initial tension of compression. Wave
propagation in a thin two-layered laminated medium with stress couples under initial stresses was studied by Roy [13]. Datta [14]
studied the effect of gravity on Rayleigh wave propagation in a homogeneous, isotropic elastic solid medium. Goda [15] studied
the effect of inhomongeneity and anisotropy on Stoneley waves. Recently Abd-Alla and Ahmed [16] studied the Rayleigh waves in
an orthotropic thermoelastic medium under gravity field and initial stress. In this work, the problem of nth order viscoelastic
surface waves involving time rate of strain, the medium being isotropic and non-homogeneous has been studied. Biot’s theory of
incremental deformations has been used to obtain the wave velocity equation for Stoneley, Rayleigh and love waves. Further these
equations are in complete agreement with the corresponding classical results in the absence of viscosity and non-homogeneity of
the material medium.

2. Formulation of the problem

Let M; and M, be two non-homogeneous, viscoelastic, isotropic, semi-finite media. They are perfectly welded in contact to prevent
any relative motion or sliding before and after the disturbances and that the continuity of displacement, stress etc. hold good across
the common boundary surface. Further the mechanical properties of M; are different from those of M,. These media extend to an
infinite great distance from the origin and are separated by a plane horizontal boundary and M, is to be taken above M;. Let Oxyz
be a set of orthogonal Cartesian co-ordinates and let O be the any point on the plane boundary and Oz points vertically downward
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to the medium M; We consider the possibility of a type of wave travelling in the direction Ox, in such a manner that the
disturbance is largely confined to the neighborhood of the boundary which implies that wave is a surface wave. It is assume that at
any instant, all particles in any line parallel to Oy having equal displacement and all partial derivatives with respect to y are zero.
Further let us assume that u, [7, w are the components of displacements at any point (X, y, z) at any time t.

The dynamical equations of motion for three-dimensional non-homogeneous, isotropic, viscoelastic solid medium in Cartesian co-

ordinates are

2
ot11 + 0112 + 0t13 = p 0 U, (1)
ox oy 0z ot?
2
Otp  Otzp Otz _ pﬂ, ?
ox oy 0z ot?
2
0t13 + 0123 + O0t33 = p o°w . (3)
ox oy 0z ot2
Where LI [be the density of the material medium and Cljj = [jj Vi, j are the stress components.
The stress-strain relations for general isotropic, visco-elastic medium according to voigt are
Jij =D U0 +2 Dryejj (4
Where, D, D(jjare the functions of z and are elastic constants
and = 4, OV, oW ®)
ox oy oz
Introducing eq (4) in (1), (2), (3), we get
D, 2y oudb o oD 2
D, L4 AP op S, M T p TN AW O WP O (6)
ox ox Hox2 ox ox 0z |0z ox oz x| ez ot2
ov 9Dy 8\/ oD v
D02 oo+ 2 XN M-, 7
HH ox 8x az oz F ot2 @
ofd awy (@ D, A D, o dw,, w Dy otw o
+ —+— +D,—+ =P ®)
“a\a éx a éx X a a “a oz oz ot
We assume that the non-homogeneities for the media M1 and M2 are given by
Zk oM DD—ZHKemzﬁ,DmDoemz ©)
K=0 ax
D'ooo= 2 e ,D'o = W eIza DD=DO'€IZ (10)
S fe Pt 3

atk

Where DO, DO, 0, U'o, Do, Do and m, | are constants and Uk, Uk (K=0, 1, 2,

order visco-elasticity.
Subsituting eq (9) and (10) in egs (6), (7), (8), we get
2

(GD+GD)—+GDDD2DD+mGD(aU 8Wj poﬁu,

0z 67 at2

ov
G2 00+mGr =~
0o 05,

2
(G +G)) B +GUI2w+IIG m+2G, mMW = 9w
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Po
oz at?
n aK n aK
Where G [= Z A —, Gpll= Z uK — and
atk ot
K=0 K=0
A
0000000000000000000000000000000002= — + ——
ox2 a2

..... n) are the parameters associated with Kth

(11)
2
= pPo th ' (12)
(13)
(14)

To investigate the surface wave propagation along the direction of Ox, we introduce the displacement potential [1[](x, z, t) and

O0(x, z, t) which are related to the displacement components as follows :
% _ov =00, 0w

u= , .
oxX 0z 0z OX

(15)
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Substituting eq (15) in egs (11), (12), (13), we get

2
GTDZDD+mGs( Zi) 88\);:) Zt—;b,

2
Gg 12 10+ mGg Gl —a—,
0z atz

GsDZDD+mGp2—¢ +2mGg — N - o* v

0z 8t2 '

Where,

—}\‘K + ZMK ’UZKS = U_K, UZKP = }\'_K,
Po (0]

U=

GT= ZUZ "’ Gs= ZU GP zu

OtK

and similar relations in medium M2 can be formed out by replacing Uk, Uk, U by 'k, U'k, 0'g and so on.

3. Solution of the problem

We seek the solution of (16), (17), (18) in the following forms

(0, 0, D=[f (2), g @), h (2)] elZ O(x—<t)

Using egs. (16)-(18) and (19)-(20), we get a set of differential equations for the medium M1 as follows :

d?f df
—+2mf12—+h12f+|DDmflzg 0,
dz dz

d%h dh

—+m—+K12h—O

dz?2 dz

d? d

—g+2m—g+K1 g+ioml2f=0.
dz dz

Where

f12 Z Uks (- |ac)
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K=0

n
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n
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And those for the medium M> are given by

(16)

A7)

(18)
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(20)

(1)

(22)

(23)
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2
SZ: + 2nf1'2 di + hl'zf +i00mf2g=0 (25)
d%h
—— +1— +Ky2h=0 (26)
dz? dz
d? d
—g+2I—g+K1'Zg+iDDII1'2f:O (27)
dz? dz
Where

2 = K=0 ,
n
ZUﬁT (—Iac)
K=0
h1'2: . a2 c? _az,
ZUﬁT (iac)
K=0
2.2
Kl'2: . a-C _az,
Z U'ﬁs ("O‘C)K
K=0
o K
ZU'KP (o)
o _ K=0
116 = - ) .
Z Uks (Hac)
K=0

Equations (22)-(24) and (25)-(27) must have exponential solutions in order that f, g, h will describes surface waves, they must
become vanishingly small as z L0100,
Hence for the medium M1

T0(x, z, )= {Ae‘klz + Be 2?2 }eiDD(X—Ct) (28)

T0(x, z, )= {Ce‘k1Z +De *2? } elll(x—ct) (29)

O0i(x, z, t)= Ee—k3z+ik(x—ct) (30)

and similarly for the medium M2 are given by

O0(x, 7, )= {A‘e‘”1Z + Be*2? }eiDD(X—Ct) (31)

O0(x, 7, )= {C‘e‘”lz +D'e 22 }eiDD(X—Ct) (32)

O00(x, z, t)= E'e_k'3z+ia(x_d)

(33)
Where Uj and [1'j (j = 1, 2) are the roots of the equations
) ,
2 ; K n
> Uks(iac)™ | > UZg (iac) +
Maram (1450 |3 a?c? o 22
+2m | 1+— . —a?+4m? = et 2lye
2 R n n n
KZ::OUKT(—'“C) KZOUZKs(—iGC)K Z:OUZKT(—WC)K goUﬁT(*i“)K

U2 (ciacf - S 12, (iaof |70 (34) (16) &
K;0 © n a2c2 —cx2 + = a2c2 —cx2 2mi = azcz 7q2 - a2c2 —(xz +(x2m2 7}%} KP(I C)

ZU%(‘WC)K zuis(‘i“C)K ZUﬁT(-iﬂC)K > Ugr (i) > Ugs (i) > Ugr (Hiac)

K=0 K=0 K=0 K=0 K=0 K=0
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A4 42m 1+K;° 23
ZU'ﬁT("“C)
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ZUﬁs(—laC) ZUﬁT(—IaC) ZUﬁT(—IaC)
K=0 K=0 K=0
, . K
+ Zuis(_'o‘c) 2 2 2
KEO _ ¢ ~a? s ¢ 22 |2,
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K=0 K=0 K=0
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For the media M1 and M5 respectively, we take into considering the real roots of eq (34) and eq (35). The constants A, B and A,
B' are related with C, D and C', D"in egs (28)-(30) and (31)-(33) by means of first equations in (22)-(24) and (25)-(27)

Equating the co - efficients of e ** e ** ,e** ,e™*?* to zero after substituting eqs (28)-(30) and (31)-(33) in the first egs in
(22)-(24) and (25)-(27)respectively, we get

C=01A;D=02B,C=01"1A,D'="2B

Where

j= ! 5 [Dj2 -2mfy2 Jjt h12] (36)
amfl

0j'= I:‘ > [0j2-2n 12 0 +hy 2] (37) & (18)
alh

4. Boundary Conditions

(i) The displacement components at the boundary surface between the media M1 and M2 must be continuous at all times and
positions.

ie. [uO,wlM1=[u, 0, w]Mp atz=0

(if) The stress components [131, [132 and [133 must be continuous at the boundary z = 0.

i.e.  [031, 032, 033l M1=[131,0032,033]M2at 2 = 0

Where
2 2 2
0317 py |2 076 [ 07V 0% |, (38)
oxoz  ox*  oaz?
T3=pp &, (39)
0z
2 2

033" p. v2 ¢ 4+ 2D |20, 9V (40)

» o+ M oz2 * 0X0z

Applying the boundary conditions, we have
A(1-i0,007)+B(1-iT20)+Ai0' 0'1=1)+B'(i'211'2-1)=0 (41)
E=E' (42)
A(q+i09)+B (Do+iOp)+A (0" =i [')+B'(-'2 =i [1'9)=10 (43)

D [I0 1+ D1+ 012 01) A+ (20 D + Cp + 192 T9) Bl= Wy [(20 C+ 0 + 072 DA +(2i g + [ + (122 1) BT
(44)
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O*k[-U3E]l = w3 E] (45)

A[O*K (012 = 1)+20%K (012 -1 01 D]+ B [O¥K (0221 D D)= AT [0*K (1112 = 1) + 20%K (112 - i 007 ()] + B

[0k (B2 -1)+2 (™K (12— [ [19)] (46)
Where,
Aj Ay
Dj=—,D'J=—,j=l,2 and
o o
n
KT Y A (Hiae) KT Y uy (<iac)
K=0 K=0

o W= O . K

TPKEY A (miae) € K= > g (-iec)”
K=0 K=0

From eqgs (42) and (43), we have E = E' = 0. Thus there is no propagation of displacement [J. Hence SH-waves do not occur in this
case.
Finally, eliminating the constants A, B, E, E' from egs. (41), (43), (44) and (46), we get
det (ajj)=01i,j=1,2,3,4 47)
where,
ap1=[1 +i 1,
ago =g +ily,
agz=-'1 -1y,
agq =-U"2-i ',
a11= (11 [q 0g),
a12=1-i o o,
a3 = (i 0'p '1-1),
agq = (i 02 0'2-1),
a31= 'K [2i T1+ 01 (L+ 019)];
agp = [2i [p + g (L + [192)] [*K,

a33= [2i [+ (1+012)] (-0*),

a34 = - [2i 'ptip (L+12)] v,

ag1= [*K (2" = 1) + 2 *k (712 =i T110),

agp = [*K (1122 - 1) +20%K (T2 - i (),

843 = (™K (L= 112) + 20 (i 1™ 'y - 019),
a4 = (K (L—1122) + 200 (i 02 2 - 1122).

From this equation (47), we get the velocity of surface waves in common boundary between two viscoelastic, non-homogeneous
solid media of VVoigt type, where the viscosity is of general nth order involving time rate of change of strain.

5. Particular Cases

Stonelay Waves It is the generalized form of Rayleigh waves in which we assume that the waves are propagated along the
common boundary of two semi-infinite media M1 and M». Therefore eq (47) determine the wave velocity equation for Stoneley

waves in the case of general viscoelastic, non-homogeneous solid media of nth order involving time rate of strain.
Clearly from eq (47), it is follows that wave velocity of the Stonelay waves depends upon the non-homogeneity of the material
medium and the viscosity.
In case of absence of non-homogeneity and viscoelastic medium of 1% order involving time rate of change of strain is taken.
Then equation (47) reduces to,
lbij|=0,i,j=1,2,3,4...... @)
Where,
b= Ty, b =Th, biz=-1, by =1,
D=1, bpp = =1, b3 = Ty, by = T,

by, = (s~ ) (1,7 1), b, =g —ieocss, ) (T, -1),
b33 = (,uo _ia)C/Jl)TZ, b34 = —(#0 _ia)C:u]_)Tzl,
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by, = (#o —iwCiy )T, by, = (,ué - ia)Cull)Tl/ ,
by = (A —iwCA) (14T, )+ 2(ptp — g1y ()T,
by, == (4 —iwcA ) (1+T,%) + 2y — 11 (i@C)T,?,

Here,

le _ |:'00C2—1:|,T22 :|: pocz _]:| -------- , (**)
Ly —loCLy (Ao +214y) —iC(A +211)

T 2 i_l T2 _ pécz 1
O / »l2 = ] N 7 7 ey
g —ioc (U +20) —ioc(4] +214])

Equation (*) gives the wave velocity equation of Stoneley waves in a viscoelastic media of VVoigt type where the viscosity is of 1st
order involving time rate of change of strain which is completely agreement with classical result given by P.R. Sengupta et al.

Further equation (47), of course, is in complete agreement with the corresponding classical result, when the effect of viscosity and
non-homogeneity are ignored.

Rayleigh Waves To investigate the possibility of Rayleigh waves in a viscoelastic, non-homogeneous elastic media, we replace
medium M> by vacuum, in the preceding problem.

We note also that SH-wave do not occur in this case.
Thus egs. (44) and (46), reduces to

(2i 9+ 01+ 012 07) A+ (2i Tp + [ + (192 [09) B =0 (48)
[O*K (122 = 1) + 20% (012 -1 T D] A+ (T22 = 1) + 200%K (T2 -1 112 112)] B=0 (49)
Eliminating A and B from egs. (48) and (49), we have

[2i 07+ 07 (012 + )] [0*k (022 =1+ 20%K (92 —i D L9)]-[2i g + g (22 + D][*K (112 = 1) +20%Kk (012 -1 01
Opl=0 (50)

Equation (50) gives wave velocity equation for Rayleigh waves in a non-homogeneous, viscoelastic solid medium of nth order
involving time rate of strain.

Also, from eq (50) we see that Rayleigh waves depends on the viscosity and the non-homogeneity of the material medium.
In the absence of non-homogeneity & considering the viscoelastic media of 1st order including time rate of strain. equation (50)
reduces to,

(T2 =D)[(% —iewc, ) (1+ T2 )+ 2(nty — phiwC)T, T+ 4y~ ie0Cps, ) T,T, =0
(51)
Where Ty, 1are given by (**)
Thus, equation (51) gives the wave velocity equation of Rayleigh waves in a homogeneous general viscoelastic media of 1st order
including time rate of strain, which tallies with corresponding classical result of P.R. Sengupta et. al.

For elastic media A, = i((, Uy = u,’< =0,,

Where K=1,2...... n

Equation (50) becomes

[2i 01+ 01 (712 + D] [ (1- 1122 ) -2 C2(1-1 D Tgp-[2i g + D (122 + DI[CL (112 - 1) +2C° (112 i 111 (11)] =0
...(52)

Where,

A+ 2u, Cz_&
=2 70 Ci=22%,

Po Po
. (52) determines the wave velocity equation of Rayleigh waves in a non-homogeneous isotropic elastic medium and this equation
is in complete agreement with the corresponding classical result of Das et al.
Further when non-homogeneity of the material medium is neglected,
Eq. (52) becomes,

2 2 272
C; C, C,

C!
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Which is in complete agreement with classical result of Bullen.
The equation (50), of course, is in agreement with the corresponding classical result given by Bullen,

Love Waves To investigate the possibility of love waves in a non-homogeneous, viscoelastic solid media, we replace medium M2
is obtained by two horizontal plane surfaces at a distance H-apart, while M1 remains infinite.
For medium M1, the displacement component [][Jremains same as in general case given by eq. (14).
For the medium Mo, we pressure the full solution, since the displacement component along y-axis i.e. (12 no longer diminishes
with increasing distance from the boundary surface of two media.
Thus ['= Elek'3 z+ia(x—ct) +E, o MaZ +ia(x—ct)
In this case, the boundary conditions are
(i) UDand (132 are continuous atz =0
(i) 0gp=0atz=-H
applying boundary conditions (i) and (ii) and using egs (31)-(33) , (38)-(40) and eq (54), we get
E=Eq +Ep (55)
-U3 U*K E= O™k [('3 Ep - D3 E2l

(54)

(56)
'3 Eq eMst A'3Esp e MM =g
(57)
On eliminating the constant E, Eq and Eo from egs (55), (56) and (57), we get
tan (i ('3 H)= 3K
M3k
(58)

Thus equation (58) gives the wave velocity equation for Love waves in a non-homogeneous, viscoelastic elastic solid medium of
nth order involving time rate of strain.

In the absence of non-homogeneity & considering the viscoelastic media of 1st order including time rate of strain.

Equation (58) reduces to,

T/ (ué —ia)C,ul/)tan (a)Tl/H)ﬁLi(,uO —iewcp )T, =0

which gives the dispersion equation of Love waves in a viscoelastic solid medium of 1st order involving time rate of strain, which
is in well agreement with the corresponding classical result given by P.R. Sengupta et. al.

For elastic media A, =l|/<, U = ué =0, (59)
(Where K=1,2...... n) with absence of non-homogeneity of material medium, equation (59) is in complete agreement with

corresponding classical result of Bullen.
The equation (58), of course, is in agreement with the corresponding classical result given by Bullen.

Conclusions

I Rayleigh waves in a non-homogeneous, general viscoelastic solid medium of higher order of Voigt type, we find that the
wave velocity equation proves that there is dispersion of waves due to the presence of non-homogeneity and viscosity.
The results are in complete agreement with the corresponding classical results when non-homogeneity and viscous field
are neglected.
I Love waves in a non-homogeneous, general viscoelastic solid medium of higher order of Voigt type; we find that the
wave velocity equation proves that there is dispersion of waves due to the presence of non-homogeneity and viscosity.
The results are in complete agreement with the corresponding classical results when non-homogeneity and viscous field
are neglected
11 Wave velocity equation of Stoneley waves is very similar to the corresponding problem in the classical theory of
elasticity. Here also there is dispersion of waves due to the presence of non-homogeneity and viscoelastic nature of the
solid.
\VA The solution of wave velocity equation for Stoneley waves cannot be determined by easy analytical methods however we
can apply numerical technique to solve this determinantal equation by choosing suitable values of physical constants for
both media M1 and M2.
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